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SUMMARY

Facing global market’s rigid competition, today’s manufacturers need not only to satisfy the
timely demands of multiproduct, but also to ensure quality of their goods. For the purpose of
reducing fabrication cycle time so as to meet timely demands, outsourcing is always a helpful
option in production planning. To address the aforementioned real issues, the present study
derives the optimal common manufacturing cycle length for a multi-product inventory system,
wherein a part of lot-size of each end product is supplied by an outside contractor, and in each
cycle a rework process repairs random defects produced by the in-house process. The schedule of
receipt time for outsourced items is practically assumed to be in the end of rework. A specific
decision model is built to cautiously portray such a hybrid inventory problem. Through modeling,
analysis, and derivation the expected annual system cost is obtained, and using optimization
technique the optimal cycle length that minimizes system cost is gained. The proposed decision
model not only can help find optimal solution to the problem, but also enables manufacturers to
obtain diverse essential information, such as the critical outsourcing rate, individual
manufacturing related cost for each end product, and influence or joint effects of variations in
different system factor(s) on the problem. Without our in-depth exploration, the aforementioned
information will still be unavailable to support managerial decision makings.

KEY WORDS: common manufacturing cycle length; multi-product inventory system; outsource;
rework.

1. INTRODUCTION

The present research determines the optimal common manufacturing cycle length for a multi-
product inventory system with rework and an outside contractor. In real manufacturing
processes, random defects are created due to diverse unpredictable causes. Sometimes,
through rework process the defects can be repaired and become quality acceptable items. Yu
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and Bricker [1] used the Markov Chain techniques to analyze a multi-stage manufacturing
problem. They provided informative application along with discusses. Besides, a mistake that
existed in prior literatures for years was discovered and corrected. Grosfeld-Nir and Gerchak
[2] studied multi-stage fabrication systems with the reworking capability of defective items in
every stage. Uncertain defective rates are assumed in each stage and multiple runs may be
required before obtaining sufficient finished items. At each stage, determination of small lots
versus large lots becomes a major task in terms of cost savings. They indicated that if in the
multi-stage system where only one set-up is required in one of the stages, the multi-stage
system can then be simplified to a single-stage system. They proved that the best is if the
required set-up exists in the first stage of the system. The recursive algorithms were presented
to analyze and solve two- and three-stage systems where all stages require set-ups. Taleizadeh
et al. [3] explored a multiproduct inventory system with the reworking of imperfect quality
products. The objective of their study was to minimize the overall system cost under
conditions of retaining the desired service level and limited budget. They showed that the
objective function is convex, so the global optimality exists. Accordingly, they presented a
solution procedure for the problem and used numerical illustrations along with sensitivity
analyses to show applicability of their results and offered some important managerial insights
of the problem. Extra studies [4-12] also addressed rework issues in diverse aspects of
manufacturing systems.

With the aim of increasing utilization as well as satisfying customer’s needs of diversified
products, a multi-product manufacturing plan becomes manager’s routine operating task.
Rosenblatt and Finger [13] studied a single facility multi-product fabrication problem.
Specifically, it was an electrochemical facility and its end products are different-size impact
sockets for power wrenches. They proposed a specific grouping procedure for various end
products and applied a revised version of an existing algorithm to ensure that the fabrication
cycle lengths are the multiples of the shortest fabrication cycle time. van Eijs et al. [14]
investigated multi-product inventory systems with combined replenishing expenses for
constant deterministic demand. They proposed different heuristics to examine two separate
strategies, namely the direct and indirect grouping strategies. Through simulation techniques,
for each individual strategy and combined strategies, the performances were evaluated in
terms of cost savings’ percentages. The regression analysis was employed to summarize the
input-output behavior from numerous simulation experiments they executed. Hennet [15]
used the common cycle approach to examine a multi-stage fabrication planning problem. A
cyclic economic lot-scheduling was constructed with the aim of solving such a problem in a
job-shop environment. In each common cycle time, each job produces an end-item and its
essential part in sufficient quantity so as to meet demands. The result indicated that the
proposed cyclic economic lot-scheduling structure can be resolved in a decomposed way, and
the solution can be put in use easily and also can be adjusted to deal with bounded stochastic
demands. Additional papers [16-25] also studied different characteristics of multi-item
manufacturing systems.

Moreover, in production planning, with the intention of shortening cycle length so as to meet
timely demands, outsourcing is always a helpful option. Hong et al. [26] reviewed the usage of
outside logistics services by Chinese producers including the present status and future views.
They used the result of industry survey conducted in 2002. It revealed that there was
significant difference between outside services’ users and non-users, in particular in different
characteristics of firm, such as type of industry, mode of fabrication, and size of account. With
the purpose of cutting down risks connected with the transitional economy through transitory

2 ENGINEERING MODELLING 32 (2019) 1, 1-16



S.W. Chiu, H-C Chen, H-D Lin: Optimal common manufacturing cycle length for a multi-product inventory system with rework and
an outside contractor

purchase from multiple vendors, mixed strategies were often used by many producers. They
also found out that there was an increasing trend of outsourcing logistics’ system design and
information management. As to the dissatisfaction areas of outsourcing, they pointed
outmainly those on on-time distribution performance, rate level, and service functions
offerings. Paul and Yasar [27] studied the impacts of variations in subcontracting on
productivity and input composition for Turkish textile and apparel production firms. For
production firms that outsource inputs or outputs, they analyzed the differences in various
indicators of performance, and disclosed that firms which contract out internationally perform
better than those use domestic contractors. Their research also assessed labor productivity
gaps and learnt that by initiating outsourcing many firms subsequently increase their
productivity. They also evaluated the flexible fabrication function, and concluded that higher
productivity from input subcontracting involves better skilled labor intensity, and the reverse
is also true for output subcontracting. Pawar and Rogers [28] stated that uncertainty is a key
factor that affects outsourcing decisions, and uncertainty is difficult to determine. They aimed
at evaluating both the tangible and intangible costs of uncertainty in the outsourcing activities
of manufacturing supply chains. In stage 1, they started with a survey through 107
questionnaires and 15 interviews from firms that implement subcontract of their fabrication,
with the aim of understanding detailed relationships in subcontracting. The result revealed
that most firms did not fully obtain their expected outsourcing benefits because of the
uncertainty. In stage 2, five leading UK engineering companies were studied with the aim of
understanding better and contextualizing the causes and consequences of tangible and
intangible cost of uncertainty during subcontracting. As a result, a framework that
contextualizes holistic costs of uncertainty was presented. Extra studies [29-33] also focused
on different aspects of subcontracting/ outsourcing in manufacturing firms. This study
determines the optimal common manufacturing cycle length for a multi-product inventory
system with rework and an outside contractor. As little attention has been given to this
particular area, we intend to fill the gap.

2. ASSUMPTION AND DESCRIPTION OF THE PROBLEM

This study derives the optimal common manufacturing cycle length for a multi-product
inventory system with rework and an outside contractor. Consider demand A; of L end
products (where i equals to 1, Z, .., L) in an inventory system must be satisfied by a batch
manufacturing plan along with an outside contractor. Explicitly, with the aim of reducing
common cycle length for each product i in a cycle, a m; portion of lot size Q; is supplied by an
outside contractor. While (1 - m;)Q; are manufactured in-house at a rate of P;; items per year. It
is assumed that a random defective rate x; is associated with product manufacturing process i,
and the defective products are generated at rate of di; items per year (so, di; equals to P1ix;).
Furthermore, shortages are not permitted, consequently (Pz;- d1;- A;) greater than zero must
hold. All defective items are assumed to be repairable, and for each product i, its rework
process begins when uptime ends in the same cycle, at extra rework cost Cg; per item. In the
end of rework, the delivery of m;Q; quantities brings inventory level to H; (see Figure 1).
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Fig. 1 On-hand level of finished end product i in the proposed multi-product inventory system with rework

Additional notation

and outside contractor

employed in this study includes the following:

Hii on-hand level of finished product i when its uptime ends,
Hzi on-hand level of finished product i when its rework time ends,
tiim manufacturing time for product i,
t2in rework time for product i,
tzim downtime for product i,
T common manufacturing cycle length - decision variable,
E[xi] expected value of xi for product i,
Ci unit manufacturing cost for product i,
Cri outside contractor’s unit cost for product i,
Pai the connecting factor between Cri and C;,
i manufacturing setup cost for product i,
Kri outside contractor’s setup cost of product i,
P the connecting factor between Kri and K;
I(t)i on-hand level of finished end product i at time t,
i unit holding cost of product i,
In(t)i on-hand level of defective product i at time t,
hii unit holding cost per reworked product i,
T manufacturing cycle length in the proposed system without outside
contractor,
t1i uptime for product i in the proposed system without outside contractor,
tor rework time for product i in the proposed system without outside
contractor,
t3i downtime for product i in the proposed system without outside contractor,
TC(Tx) overall cost in a replenishment cycle,
E[TCU(Tx)] expected total cost per year,
X the average of x;,
- the average of m,
Cp the average of Cr;,
I the average of C;,
By the average of B1;
B the average of Bzi.
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Figure 2 exhibits on-hand level of defective product i in the proposed multi-product inventory
system with rework and outside contractor. It shows that the maximum level of defective
product i is dj; tiir. During downtime t3; all finished inventories of product i are depleted, then,

the next manufacturing cycle initiates (Figure 1).
A
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Fig. 2 On-hand level of defective product i in the proposed multi-product inventory system

3. MATHEMATICAL MODELING, ANALYSIS AND OPTIMAL SOLUTION

First of all, for a multi-product inventory system with rework and an outside contractor, the
summation of manufacturing uptimes and rework times of all L products must meet the

following requirement:
i (l_ni)ki i (1_ni)AiE[xi] <1 N
P, P,;

i=1 1 i

That is, a single machine has sufficient capacity to perform the fabrication and rework
processes. Then, the following system equations can be simply observed from the proposed
model, especially from Figures 1 and 2:

T =tgin +toin +t3in (2)
Hyi =(Py = —dy; )tyin ®3)
(oo My (1-m)e, (@)
I Py =2 —dy Py;
Qi =ATy (5)
Hyi =Hyi +(Pai =2 )tzin (6)
_Xi[(l_ni)Qi] (7)
=T
dyitsin = XiPyitsin = X; [(1_”1‘)011 @
H; =Hy; +m;Q; = Ait3in 9)
_H;
Lain =~ (10)

i
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Moreover, the relationships between costs from outside contractor and costs of manufacturing
in-house are assumed as follows:

Kzi =(1+ By )K; (11)
Cri =(1+ B2 )C;i (12)
where -1 < ;< 0 and f82; > 0 are reasonably assumed.

The overall cost in a replenishment cycle contains the sum of (i) manufacturing setup and
variable costs, (ii) outside contractor’s fixed and variable costs, (iii) cost for rework, and (iv)
overall holding costs for perfect and defective (including reworked items) in the cycle as
follows:

LS +C; (1-1;)Q; + K gj +Crj (1m;Q; ) + Crix; [(1_”1')@]

re(r,)-3,

Hy +dt, H, +H, H. P,it,: (13)
i=1 +h{ L _nim (tim)+ 1ot (tZin)+7l(t3in):|+h1i 2122171: (t2im)

2 2

Then, we apply the expected value E[x;] to Eq. (13) for dealing with randomness of x;, and
replace Egs. (2) to (12) in Eq. (13), the following E[TCU(Tx)] can be derived after extra efforts
in derivations:

_E[TC(T)]

Ci(1-m )+ CRiE[x;J(1-m;)+ (1+ By )Cim; (14)
e Ki(24By) WAT, | ATGE[x, I (1-m;) (hy; - h)
pavt T, 2 ' 2P,;
AT, (1-m;)| (1+m;) . 2E[x;](m;)
2 Py; P
Apply first- and second-derivative of E[TCU(Tx)], we have Egs. (15) and (16) as follows:
NE[x P (1=, ) (hy —hy)
dE[TCU(T,)] _ zL: ~K;(2+By) hd 2Py, (15)
dT, ~ 12 2N ma(1-m) (1+m)  2E[x](m;)
2 Py P

d’E[TCU(T,)] :ZL:{K,. (2+/31,.)} 6)

2
dTT[ i=1

Since K;, Tr, and (2 + 1) are all positive, Eq. (16) is also positive. That is, E[TCU(Tx)] is convex
for all Ty values excluding zero. Finally, by setting the first-derivative of E[TCU(T%)] (Eq. (15))
equals zero, we solve and find T, that minimizes expected total cost per year as follows:

L
2) K (2+By)
T = i=1 17)
2 2
A hi+7LiE[Xi] (1-m;) (hli_hi)_hi)‘i(l_”i) (1+T[i)+2E[Xi](T[i):|
Py; P, Py,

Furthermore, if the summation of setup times S; is greater than the system'’s idle time, then
cycle length must be larger than Tyi» (see Appendix A for detailed computations of Tin). In
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summary, one should choose max(Tr* Tmin) [34] as the optimal cycle length for the proposed
system whether the summation of S; is negligible or not.

4. EXAMPLE

Five distinct products are considered in the following example to explain applicability of the
proposed multi-product inventory system with rework and an outside contractor. Table 1
exhibits the assumption of system variables in this example.

Table 1 Assumption of system variables in the example

Product

Ai Ci Cri Ki P Xi hi  hu i Bei Cri Kri Pai
number
1 3000 80 50 10000 58000 5% 10 30 04 -060 040 1120 4000 2900
2 3200 90 55 11000 59000 10% 15 35 04 -0.65 035 121.5 3850 2950
3 3400 100 60 12000 60000 15% 20 40 04 -0.70 030 130.0 3600 3000
4 3600 110 65 13000 61000 20% 25 45 04 -0.75 025 1375 3250 3050
5 3800 120 70 14000 62000 25% 30 50 04 -0.80 020 1440 2800 3100

First of all, we calculate Egs. (17) and (14) using variables’ values assumed in Table 1, and
obtain the optimal common manufacturing cycle length T;* = 0.7002 (in a year) and the
optimal expected total cost per year E[TCU(T-*)] = $2,187,658 (see Table B-1 in Appendix B).
Also, from Table B-1 we found that product reworking cost in the proposed system is $51,555
(or 2.36% of E[TCU(T=*)]).

Figure 3 shows the outcome of an investigation on the effect of changes in average outsourcing
percentage 7 on E[TCU(T=*)]. It can be seen that the optimal system cost per year E[TCU(T=*)]
rises significantly, as 7 increases. A so-called critical ratio of 7 (= 0.792) is uncovered,
meaning once 7> 0.792, the management should choose the more economic ‘buy’ decision
(i.e., a 100% outsourcing policy; details please also refer to Table B-1).

In contrast, Figure 4 depicts exploratory result on impact of variations in average outsourcing
rate 7 on entire utilization for the proposed multi-product system with rework and outside
contractor. From Figure 4, it is noted that entire utilization falls extensively, as P
increases; and at 7= 0.4 (as in our example) utilization falls to 43.16% from 71.93% (at 7
= (0); yet, this fall in utilization is at the expense of 9.06% increase in E[TCU(Tx*)] (refer to
Table B-1).

The effect of differences in average outsourcing setup cost connecting factor ,8_1 on total cost

for each end product are studied and the outcome is illustrated in Figure 5. It points out that
total cost for each product declines, as B; decreases. For we assume negative values of B; to

portray the fact that in-house manufacturing setup cost is more costly than that of outsourcing
plan.
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Fig. 4 Impact of variations in average outsourcing percentage on total utilization of the proposed system
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Fig. 5 Effect of differences in average 1 on total cost for each end product
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Conversely, Figure 6 exhibits the impact of changes in average outsourcing unit cost
connecting factor B, on total cost for each end product. It indicates that as f, increases, total

cost for each product raises considerably. This reflects a real-life situation, i.e., unit cost for
outsourced item is more expensive than that made by in-house process.

Total cost for
each end product

$750,000

$650,000 1
=+ Product 1
$550,000
------ Product 2

w— Product 3

$450,000 4

= Product 4
$350,000

= + Product 5

$250,000

B2

$150,000 -
0 01 02 03 04 05 06 07 08 09 10

Fig. 6 The impact of changes in average B, on total cost for each end product

The result of further investigation on influence of variations in ratio of average unit rework
cost over average unit manufacturing cost (q /C) on E[TCU(Tx*)] is presented in Figure 7. It

shows that as the C_R /C ratio goes up, E[TCU(T+¥)] increases accordingly; and E[TCU(T*)] =
$2,187,658, as we assume a /E = 0.6 in our example.

E|TCUT)

$2,220,000

$2,210,000

$2,200,000
E|TCU(TY)] = $ 2,187,658

$2,190,000
i
$2,180,000 3
!
$2,170,000 i
|
i
$2,160,000 ;
i
| Cr/C
$2,150,000
0.2 0.3 04 0.5 0.6 0.7 0.8

Fig. 7 Influence of variations in rework cost ratio on E[TCU(T,*)]

Figure 8 displays the analytical outcome on the effect of changes in common manufacturing
cycle length T, on distinct cost factors in the proposed system. It can be seen that as Tx
increases, inventory holding cost notably raises and rework cost goes up accordingly; but on
the contrary, both in-house and outsourcing setup costs drops considerably. It is also noted
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that as T, deviates from its optimal point (i.e., 0.7002 (a year)), E[TCU(T:)] increases
drastically.

E[TCU(T,)]
$3,100,000 e
$2,900,000 .
. I*=0.7002 Rewaork cost
$2,700,000 EITCU(T*)] = $ 2,187,658
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$900,000 i outsourcing cost
I
$700,000 4 ]
$500,000 i T,

0.08 018 028 038 048 058 0.68 128 188 248 3.08 3.08

Fig. 8 Effect of changes in cycle length T on distinct cost factors in the proposed system

Joint impacts of differences in rework cost (using q /C ratio) and average outsourcing rate
7 on E[TCU(Tz*)] are explored and the outcomes are illustrated in Figure 9. It is noted that
E[TCU(Tx™)] increases considerably, as both C_R /C and 7 raises. However, when 7 goes up to
and beyond 0.8, the effect of changes in q /C on E[TCU(T*)] becomes insignificant, due to

that the amount of in-house manufacturing items is greatly reduced.
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Fig. 9 Joint impacts of differences in rework cost ratio and average i on E[TCU(T,*)]

Figure 10 depicts combined influences of variations in 7 and average defective rate X on total
variable rework cost. It indicates that total variable rework cost increases dramatically, as X
goes up and when 7 is smaller than 0.5; conversely, total variable rework cost declines
severely, as 7 raises and when X is greater than 0.5. The reason for the former is the large
amount of in-house made items affected by ;(; conversely, for the latter, the effect of X on total

rework cost becomes insignificant, when there are outsized outsourcing items and not the in-
house made items.
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Moreover, extra investigative outcomes on the joint effects of changes in average outsourcing
percentage 7 and average outsourcing unit cost connecting factor g, on optimal
manufacturing cycle length T;* are exhibited in Figure 11. It shows that T* decreases a little,
as g, rises; however, Tr* declines significantly, as 7 increases.

Total variable
rework cost
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Fig. 11 Joint effects of changes in average  and average B on the optimal cycle length T,*

5. CONCLUSIONS

A multiproduct common manufacturing cycle length problem with rework and an outside
contractor is explored. A specific decision model is built to cautiously portray this hybrid
inventory refilling problem. Through modeling, analysis, and derivation the expected annual
system cost is obtained, and using optimization technique the optimal cycle length that
minimizes system cost is gained. Upon accomplishing this decision model, we are able to find
now not only the optimal solution (see Figure 8), but also to expose various essential
information of the problem that can support managerial decision makings. Such information
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includes critical outsourcing rate average m (Figure 3), specific machine utilization (Figure 4),
impact of changes in certain variables on individual cost of each end product (Figures 5-6); and
influence or joint effects of variations in different system factor(s) on a particular cost, on
E[TCU(T*)], and on Ty* (see Figure 7 and Figures 9-11)). For future study, an interesting
research direction could be to explore the impact of random demand rates on the problem.

6. APPENDIX

6.1 APPENDIX-A

Detailed computations of Tmin are provided as follows:

When (summation of setup times S;) > (system'’s idle time), then T;* is no longer valid. One
should make sure the following new cycle length T hold, in order to guarantee that cycle time
is adequately large to contain summation of setup, fabrication, and rework times for L

products:
)
Py;

i=1 Py;

Substitute Eq. (5) in Eq. (A-1), we obtain the following:

Tn>zSi+Z{(1 n,)A,+(1 ”’)A’E[X’]}Tn (A-2)
i=1 i=1 Pli PZi
or:
T, 1—2{(1 ), 2 "')A’E[X']} >>S, (A-3)
i=1 Pli PZi i=1
or:
L
2.Si
T, > i=1 (A-4)
1 S |:(1_ni)ki+(1_ﬂi)AiE[Xi]:|
i=1 P]i P2i
Let:

T i=1 (A-5)

g

i=1 i i

Eq. (A-4) means that the new cycle length T, has to be greater than Tpmi, if the summation of S;
cannot be ignored. In summary, one should choose max(Tr* Tmin) [34] as the optimal cycle
length for the proposed system whether the summation of S; is negligible or not.
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6.2 APPENDIX -B

Table B-1 Changes in average 1 effect on different variables of the proposed system

Rework
0, in-
% of /Zg{:;: cost % of
. outsourcing In-house . within rework
— T Total cost % Sumof Outsourcing relatin relatin relating in- costin
4 " E[TCU(T+*)] increase Utilization relating cost ating 9 costin
cost in total cost total house  total
cost relating cost
cost
cost
0.00 0.6826 $2,005931 - 71.93% $0 0.00%  $2,005,931 100.00% $86,814 4.33%

0.05 0.6865 $2,050,501 2.22% 6833%  $135941 6.63%  $1,914560 93.37% $82,375 4.02%
0.10 0.6900 $2,069,595 3.17% 64.74%  $246,263 11.90%  $1,823,331 88.10% $77,945 3.77%
0.15 0.6930 $2,088852 4.13% 61.14%  $356,604 17.07%  $1,732,248 82.93% $73,522 3.52%
020 0.6955 $2,108276 510% 57.54%  $466,963 22.15%  $1,641,312 77.85% $69,109 3.28%
025 0.6974 $2,127,867 6.08% 53.94%  $577,342 2713%  $1,550,525 72.87% $64,705 3.04%
0.30 0.6989 $2,147,627 7.06% 50.35%  $687,739 32.02%  $1,459,887 67.98% $60,311 2.81%
0.35 0.6998 $2,167,557 8.06% 46.76%  $798,156 36.82%  $1,369,401 63.18% $55927 2.58%
0.40 0.7002 $2,187,658 9.06% 43.16%  $908,592 41.53% $1,279,066 5847% $51,555 2.36%
0.45 0.7001 $2,207,930 10.07% 39.55% $1,019,047 46.15% $1,188883 53.85% $47,193 2.14%
0.50 0.6994 $2,228373 11.09% 3596% $1,129,522 50.69%  $1,098851 49.31% $42,843 1.92%
0.55 0.6982 $2,248987 12.12% 32.37% $1,240,016  5514% $1,008971 44.86% $38504 1.71%
0.60 0.6964 $2,269,770 13.15% 2878% $1,350,529  59.50%  $919,241 40.50% $34178 1.51%
0.65 0.6941 $2,290,721 14.20% 2517% $1,461,061 63.78%  $829,660 36.22% $29,863 1.30%
0.70 0.6914 $2,311,839 1525% 21.58% $1,571,612 67.98%  $740,228 32.02% $25561 1.11%
0.75 0.6881 $2,333,122 1631% 17.99% $1,682,181 72.10%  $650,941 27.90% $21,271 0.91%

0.792 0.6850 $2,351,126 17.21% 14.96% $1,775074  7550%  $576,052 24.50% $17,676 0.75%

0.80 0.6844 $2,354568 17.38% 14.38% $1,792,769  76.14%  $561,799 23.86% $16,993 0.72%
0.85 0.6803 $2,376,173 1846% 10.79% $1,903,375 80.10%  $472,798 19.90% $12,727 0.54%
0.90 0.6757 $2,397,935 19.54% 7.19%  $2,013,998 83.99%  $383,936 16.01% $8473 0.35%
0.95 0.6708 $2,419,850 20.63% 3.59%  $2,124639 87.80%  $295211 12.20% $4231 0.17%
1.00 _0.6655 $2,351,755 17.24% _ 0.00% _ $2,235297 _ 95.05%  $116,458 4.95% 30 0.00%
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