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Multiscale numerical model for the analysis of laminated glass 

structures exposed to static load  

 

Abstract: 

This thesis presents a multiscale numerical model for the analysis of laminated glass 

structures exposed to static load, and its validation with experimental tests and analytical 

calculations. The first part deals with the influence of atmospheric temperatures and load 

duration on laminated glass structures. The aim of this research is to analyse the stiffness 

degradation of laminated glass members exposed to different atmospheric temperatures and 

different load durations. The influence of these parameters is analysed with analytical 

calculations and numerical models. Analytical calculations include the effective thickness 

approach (ETA), and in analysis, different expressions taken from the literature and regulations 

are used to define the effective thickness of the laminated glass elements. The accuracy of 

prediction of deflection and stress for the applied load was tested for each expression, by 

varying the temperature and load duration. The obtained results of the applied analytical 

expressions are compared and analysed. The numerical calculation is carried out using 

numerical models created in the ANSYS software. Numerical models were first validated by 

experimental tests conducted according to EN 1288-3. The four-point bending test was used so 

that the obtained results can be compared with the available results from the literature. In 

experiments, specimens are tested until fracture while in numerical analysis the fracture is not 

simulated due to a lack of methods that could reliably describe the nonlinear behaviour of the 

glass part of the member. This problem occurs in the simulation of glass nonlinear behaviour 

when exposed to static loads. Hence, the analysis is conducted for fixed load value (stress is 

kept under nonlinear limits), but the temperature and load durations were varied. The results 

show the great influence of temperature and load durations, as well as the type and thickness of 

the interlayer on the behaviour of laminated glass elements. In the second part of this work, the 

main focus is on solving the problem that occurred within numerical analysis from the previous 

step. There are not many numerical methods that can accurately predict the nonlinear behaviour 

of brittle materials exposed to static load, and those capable of it usually have input requests to 

define an initial crack. Simulation of the initial crack is not in the spirit of glass material because 
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this type of analysis mostly observes the crack propagation, and an initial crack in glass 

elements means the breakage of the whole element (especially in the case of tempered glass). 

The lack of methods for simulation of the non-linear behaviour of laminated glass members 

exposed to static load is solved here with a multiscale model that uses the embedded 

discontinuity method in simulations of nonlinear behaviour. The embedded discontinuity 

method is capable of simulation crack appearance in solids, without the demand for initial 

cracks. By using the embedded discontinuity method a multiscale model is developed, capable 

of simulating the ultimate load for laminated glass elements without simulation of detailed 

fracture pattern. The model consists of the micro model that simulates a real laminated glass 

cross-section and a macro model that is a monolithic cross-section with assigned material 

behaviour according to the micro model. This model is further extended for plate structures, 

with using discrete Kirchhoff plate theory and constitutive model for principal directions of 

inner forces/stresses. The basic micro model is also used to define the constitutive behaviour, 

but this time for principal directions of macro plate elements. In the third part of the research, 

in-plane loaded laminated glass elements are analysed and the combination of a simple 

numerical model with “Level 2” of interlayer modelling from regulations is used in the analysis. 

The “Level 2” of interlayer modelling proposes the simplified engineering approach (ETA) 

from regulations (and literature). This approach is analysed regarding the prediction of buckling 

forces for in-plane loaded laminated glass members. The two numerical models are used, one 

discretized with beam finite elements and the other discretized with shell finite elements. The 

analysis was performed for several different geometries of laminated glass specimens, with 

different types of interlayers and different boundary conditions. The buckling force prediction 

is validated by comparing the results with experimental results from literature for different 

geometry, interlayers and boundary conditions. This work presents the analysis of laminated 

glass elements exposed to out-of-plane and in-plane static loading.   

 

Keywords: laminated glass, numerical analysis, out-of-plane loading, in-plane loading, 
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Višeskalni numerički model za analizu laminiranih staklenih 

konstrukcija izloženih statičkom opterećenju  

 

Sažetak: 

U ovom radu predložen je višeskalni numerički model za analizu laminiranih staklenih 

konstrukcija izloženih statičkom opterećenju potkrijepljen eksperimentalnim ispitivanjima i 

analitičkim proračunima. U prvom dijelu analizirani su laminirani stakleni elementi izloženi 

statičkom opterećenju i promjeni temperature. Pokazana je degradacija krutosti elemenata od 

laminiranog stakla izloženih različitim temperaturama, koje se nalaze unutar amplitude 

atmosferskih temperature, te različitom trajanju opterećenja. Utjecaj ovih parametara analiziran 

je analitičkim proračunima i numeričkim modelima. Analitički proračuni podrazumijevaju tzv. 

pristup efektivne debljine – ETA gdje su korišteni različiti izrazi za definiranje efektivne 

debljine laminiranog staklenog elementa, preuzeti iz literature i propisa. Testirana je točnost 

predviđanja veličine progiba i naprezanja za primijenjeno opterećenje uz variranje temperature 

i trajanja opterećenja. Uspoređeni su i analizirani dobiveni rezultati primijenjenih analitičkih 

izraza. Numerički proračun je proveden kreiranim numeričkim modelima u programskom 

paketu ANSYS. Numerički modeli su najprije validirani eksperimentalnim ispitivanjima 

provedenim prema EN 1288-3 tako da se dobiveni rezultati mogu usporediti i s dostupnim 

rezultatima iz literature. U eksperimentima uzorci su ispitani do loma, dok se u numeričkoj 

analizi lom nije simulirao zbog ograničenja samog računalnog programa. Ovakav se problem 

javlja u simulaciji nelinearnog ponašanja stakla izloženog statičkom opterećenju. Stoga je 

analiza provedena za fiksnu vrijednost opterećenja (naprezanje se održava ispod granice 

nelinearnosti), uz variranje temperature, trajanja opterećenja i debljine slojeva. Analiza je 

pokazala utjecaj temperature i trajanja opterećenja, kao i vrste i debljine međusloja na ponašanje 

laminiranih staklenih elemenata, što je u radu potkrijepljeno dobivenim rezultatima. U drugom 

dijelu rada glavni fokus je na rješavanju problema koji se pojavio u prethodno opisanoj 

numeričkoj analizi. Numeričke metode koje se primjenjuju za simulaciju materijalne 

nelinearnosti krtih materijala pri statičkom opterećenju kao ulazni parametar zahtijevaju 

definiranje položaja inicijalne pukotine. Definiranje položaja inicijalne pukotine kao ulaznog 

parametra nije dobar pristup u analizi laminiranih staklenih konstrukcija zbog fizikalne prirode 
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stakla kao materijala jer se ovom vrstom analize uglavnom promatra propagacija već definirane 

početne pukotine. Početna pukotina u staklu uzrokovala bi lom cijelog elementa (posebno u 

slučaju kaljenog stakla) pa ovakav pristup nema fizikalno opravdanje. Nedostatak metoda za 

simulaciju nelinearnog ponašanja laminiranog stakla izloženog statičkom opterećenju ovdje je 

riješen modelom s više razmjera koji koristi metodu ugrađenog diskontinuiteta u simulacijama 

nelinearnog ponašanja. Metoda ugrađenog diskontinuiteta simulira pojavu pukotina u 

materijalu, bez potrebe za definiranjem položaja početne pukotine kao ulaznog parametra. 

Korištenjem metode ugrađenog diskontinuiteta razvijen je model u više razmjera koji može 

simulirati nosivost konstrukcije od laminiranog stakla bez simulacije detaljnog uzorka loma. 

Model se sastoji od mikromodela koji simulira stvarni poprečni presjek laminiranog stakla i 

makromodela koji ima monolitni presjek s konstitutivnim zakonom ponašanja materijala 

definiranim mikromodelom. Ovaj model je dalje proširen za analizu laminiranih staklenih 

konstrukcija pri diskretizaciji pločastim elementima, korištenjem diskretne Kirchhoffove 

teorije ploča. Osnovni mikro model se koristi za definiranje konstitutivnog zakona ponašanja, 

ali ovaj put za glavne smjerove momenata u makro elementu ploča. U trećem dijelu istraživanja 

analiziraju se laminirani stakleni elementi opterećeni u ravnini i to kombinacijom numeričkog 

modela s „Razinom 2“ modeliranja međusloja prema tehničkim propisima. „Razina 2“ 

modeliranja međusloja podrazumijeva definiranje efektivne debljine elementa prema 

dostupnim analitičkim izrazima koji se koriste u numeričkom modelu za predviđanja sile 

izvijanja. Korištena su dva numerička modela, jedan koji primjenjuje diskretizaciju grednim 

elementima, a drugi elementima ljuske. Analiza je provedena za nekoliko različitih geometrija 

laminiranog stakla, s različitim vrstama međuslojeva i različitim rubnim uvjetima. Predviđanje 

sile izvijanja potvrđeno je usporedbom rezultata s eksperimentalnim rezultatima iz literature za 

različite slučajeve geometrije, međuslojeva i rubnih uvjeta. U sažetku, tri dijela ovoga rada 

prikazuju analizu laminiranih staklenih elemenata izloženih statičkom opterećenju izvan 

ravnine i u ravnini. 

 

 

Keywords: laminirano staklo, numerička analiza, opterećenje izvan ravnine, opterećenje u 
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Modèle numérique multi-échelle pour l'analyse de structures en verre 

feuilleté soumises à un chargement statique 

Résumé: 

Dans cette thèse, on propose un modèle numérique multi-échelle pour l'analyse des 

structures en verre feuilleté soumises à un chargement statique, et on le valide par des tests 

expérimentaux et des calculs analytiques. La première partie traite de l'influence des 

températures atmosphériques et de la durée des charges sur les structures en verre feuilleté. Le 

but de cette recherche est d'analyser la dégradation de la rigidité des éléments en verre feuilleté 

exposés à différentes températures atmosphériques et différentes durées de charge. L'influence 

de ces paramètres est analysée par des calculs analytiques et numériques. Les calculs 

analytiques incluent l'approche de l'épaisseur effective (ETA), et lors de l'analyse, différentes 

expressions tirées de la littérature et de la réglementation sont utilisées pour définir l'épaisseur 

effective des éléments en verre feuilleté. La précision de la prédiction de la flèche et de la 

contrainte pour la charge appliquée a été testée pour chaque expression, en faisant varier la 

température et la durée de la charge. Les résultats obtenus des expressions analytiques 

appliquées sont comparés et analysés. Le calcul numérique est réalisé à l'aide de modèles 

numériques créés dans le logiciel ANSYS. Les modèles numériques ont d'abord été validés par 

des tests expérimentaux réalisés selon la norme EN 1288-3. L’essai de flexion quatre points a 

été utilisé afin que les résultats obtenus puissent être comparés aux résultats disponibles dans 

la littérature. Dans les expériences, les échantillons sont testés jusqu'à la rupture, tandis que 

dans l'analyse numérique, la rupture n'est pas simulée en raison du manque de méthodes 

permettant de décrire de manière fiable le comportement non linéaire de la partie en verre de 

l'élément. Ce problème se produit dans la simulation du comportement non linéaire du verre 

lorsqu'il est exposé à des charges statiques. Par conséquent, l’analyse est effectuée pour une 

valeur de charge fixe, mais la température et les durées de charge ont varié. Les résultats 

montrent la grande influence de la température et des durées de charge, ainsi que du type et de 

l'épaisseur de l'intercalaire sur le comportement des éléments en verre feuilleté. La deuxième 

partie de ce travail concerne la résolution du problème apparu lors de l’analyse numérique en 

étape précédente. Il n'existe pas beaucoup de méthodes numériques capables de prédire avec 

précision le comportement non linéaire des matériaux fragiles exposés à un chargement 
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statique, et celles qui en sont capables ont généralement besoin de définir une fissure initiale. 

La simulation de la fissure initiale n'est pas dans l'esprit du matériau verrier car ce type d'analyse 

ne peut s’applique que pour la propagation de la fissure, et une fissure initiale dans les éléments 

en verre signifie la rupture de l'élément dans son ensemble (surtout dans le cas du verre trempé). 

Le manque de méthodes de simulation du comportement non linéaire des éléments en verre 

feuilleté exposés à un chargement statique est résolu ici avec un modèle multi-échelle qui utilise 

la méthode de discontinuité forte intégrée dans les simulations du comportement non linéaire. 

La méthode de discontinuité forte est capable de simuler l’apparition de fissures dans une 

structure, sans besoin de postuler une fissure initiale. En utilisant la méthode de discontinuité 

forte, un modèle multi-échelle est développé, capable de simuler la charge ultime pour les 

éléments en verre feuilleté sans simulation de modèle de fracture détaillé. Le modèle se 

compose d'un modèle micro qui simule une section transversale réelle de verre feuilleté et d'un 

modèle macro qui est une section transversale monolithique avec un comportement de matériau 

attribué selon le modèle micro. Ce modèle est encore étendu aux structures de type plaque, en 

utilisant la théorie des plaques discrètes de Kirchhoff et un modèle constitutif pour les directions 

principales des forces/contraintes internes. Le modèle micro de base est également utilisé pour 

définir le comportement constitutif, mais cette fois pour les directions principales de moments 

fléchissant calculés par un élément de plaque. Dans la troisième partie de la recherche, des 

éléments de verre feuilleté chargés dans le plan sont analysés et la combinaison d'un modèle 

numérique avec le « niveau 2 » de modélisation simplifiée d’interface entre couches issue de la 

réglementation (ETA) est utilisée dans l'analyse. Le « niveau 2 » implique de définir l'épaisseur 

effective de l'élément en fonction des expressions analytiques disponibles utilisées dans le 

modèle numérique pour prédire l'effort de flambement. Cette approche est utilisée pour calculer 

des charges critique de flambement pour les éléments en verre feuilleté chargés dans le plan. 

Les deux modèles numériques sont utilisés, l'un construit des éléments finis de poutre et l'autre 

des éléments finis de coque. L'analyse a été réalisée pour plusieurs géométries différentes 

d'échantillons de verre feuilleté, avec différents types d'intercalaires et différentes conditions 

aux limites. La prédiction de la force de flambement est validée en comparant les résultats avec 

les résultats expérimentaux de la littérature pour différentes géométries, interfaces entre les 

couches et conditions aux limites. En somme, les trois parties du travail présentent l'analyse 

d'éléments en verre feuilleté soumis à des charges statiques appliquées hors plan et dans le plan. 

Mots clés : verre feuilleté, analyse numérique, chargement hors plan, chargement dans le plan, 

approche de l'épaisseur effective  
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1. Introduction  

G. Grozdanić   Multiscale numerical model for the analysis of laminated glass structures exposed to static load 2 

1.1. Motivation 

The desire for unhindered contact with nature which arises from the imposed deficiency greatly 

influences the architectural design of buildings. This trend of bringing the interior spaces closer 

to the exterior with an emphasis on getting closer to nature is a logical sequence guided by the 

change in everyday life. Historical facilities had minimal contact with the environment as a 

consequence of a typical life at the time that included spending most of the time outside. Today, 

when most jobs are carried out indoors, there is an urge to communicate with nature and 

minimize boundaries. This trend results in the design of more open buildings which is achieved 

with the use of transparent outer envelopes that enable the desired communication with the 

outside world. As it happens in today's world, the boundaries are being pushed and the 

transparent facades further develop into transparent structures. 

This fashion resulted in the development of the new and rediscovering of the already familiar 

transparent materials. Glass took the leading role and its usage highly increased in the 

construction industry which encouraged the evolution from a secondary material into a 

structural material. The regulations do not follow the pace of this transition, still being in the 

development phase and not standardized at the European level. Current standards for glass 

[1][2][3] do not cover all parts of the glass structural usage with an elaborated and detailed 

approach as is the case with other building materials. Many aspects are still unfamiliar and those 

peculiarities seek detailed research. 

This explains the main motivation for this research which is to provide a better understanding 

of laminated glass behaviour and to define an appropriate approach to its modelling. This thesis 

presents several research with the focus on the definition of the essential aspects of the design 

of glass structures and the recognition of the pitfalls that occur in the designing process. The 

expected outcome, in general, is to bring engineers closer to laminated glass as a constructive 

material and to make the design process more effective. 

But first, it is necessary to be familiar with basic characteristics and current knowledge, and for 

that reason, basic information and current achievements are described in the next few sections. 

 

1.2. General about glass, types of glass and usage 

1.2.1. Glass history and production 

Glass as a material has been known for 2000 years BC when the first elements of glass were 

created as the accidental by-products of metal-working. Glass can be found in nature in specific 
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places containing silicate minerals where a temperature of over 1500 ° C occurred (lightning 

strikes and volcanic eruptions). Until the development of industrial production in the first part 

of the 20th century, glass was an inaccessible and expensive material. A complicated production 

method that requires good skills was the leading cause of its cost. Today glass is produced in 

furnaces with a Float process where one part of glass ingredients are raw materials, and another 

is glass cluent causing a lower melting point. The invention of the Float process is the biggest 

milestone in the recent history of glass since the production of flat glass has been significantly 

simplified. The Float process scheme is shown in Figure 1.1. In the Float process, liquid glass 

is poured from the furnace into a bath of molten tin. Due to the lower density of the glass, it 

floats, forming a continuous strip that further is carried out on small rollers and continues to be 

gradually cooled, allowing the release of residual stresses. A molten tin (tin bath) is a base for 

cooling and transporting molten glass in the production process. Tin is most commonly used 

because it has a higher density than glass and a low melting point while retaining its liquid form 

within a wide temperature range (232 °C to 2270 °C). By producing a flat surface that does not 

require any post-processing this invention made glass production more efficient and by that 

more affordable. [4] Simplified production made an impact on glass usage and today it is 

present in every aspect of life.  

1.2.2. Glass chemistry 

According to ASTM, "Glass is an inorganic fusion product that has cooled to a solid state 

without crystallization." Molten glass is obtained by heating a mixture of silica, calcium oxide, 

and sodium oxide with additives at a temperature of about 1500 °C. Only silicon dioxide is 

enough to make glass, but the melting point of such a mixture is about 1700 ° C. The addition 

of CaO and Na2O reduces the melting temperature and by that amount of energy. [5] Sodium 

decreases the melting point of silicon dioxide but makes it soluble in water, so lime is added to 

prevent this effect. Depending on what element is implemented inside the glass mixture it can 

result in colour change, increased heat resistance, and other properties. Glass is formed by a 

cooling process that occurs at such a rate that crystallization does not happen. In the cooling 

process, the viscosity of the glass increases, which leads to an amorphous state that can be 

described as the "freezing" of liquid glass because the existing structure of the liquid is retained. 

Unlike a crystalline formation (quartz), glass does not have a strictly defined melting point, but 

it has the elasticity of crystalline substances in the heating process. [6] The most common glass 

in everyday use is sodium-calcium-silicate glass (SiO2–Na2O–CaO). The material 

characteristics of such glass, compared with borosilicate glass, are shown in Table 1.1.  
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Figure 1.1. Float process scheme [7] 

1.2.3. Glass as a structural material 

In terms of mechanical characteristics, glass can be compared to primary building materials, in 

Figure 1.2. a comparison of stress-strain diagrams is presented. The theoretical failure stress of 

silica bonds is up to ≈ 30 GPa [8], but due to imperfections that occur in glass elements during 

production, it is impossible to achieve such strengths on the glass element. The brittle nature of 

the material caused by the inevitable networks of flaws makes glass a high-risk material for 

sudden loss of load-bearing capacity. [5] The macroscopic strength of glass depends on the 

existing imperfections of the element, in the field of linear elastic fracture mechanics the 

imperfections are called Griffith flaws. [9][10] Due to the unpredictability, the macroscopic 

strength is usually determined with standard statistical distribution such as the Weibull and 

Gumbel distribution. [11] A typical structural glass is created from the basic glass product a 

float glass. During production, float glass is exposed to the annealing process (slowly cooled) 

to release residual stress and basic non-treated glass is called annealed glass. This glass can be 

used without any additional treatment if there are no specific demands for strength or safety, 

and it is widely used as a transparent, non-structural filling. Annealed glass can be additionally 

treated to achieve compressive stresses on the surface of the glass and thereby increase load-

bearing capacity. Glass processed in this way (tempered glass, heat-strengthened glass) has 

increased tensile strength and a different (smaller) fracture pattern than ordinary annealed glass. 

There are two ways to achieve tempering, by chemical treatment or by heating and fast cooling 

glass sheets. The difference between the fracture pattern of the annealed and tempered glass is 

presented in Figure 1.3. Annealed glass produces large and sharp pieces in a fracture pattern 

while tempered glass breaks into small cubical pieces. Heat-strengthened glass is also tempered 

glass but with a lower level of prestressing. [12] The characteristic bending strength for 

differently treated glass according to prEN 13474:2009 [13] is presented in Table 1.2. 

Mechanical characteristics of glass are not influenced by temperature change for ambient 

temperature intervals. 
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Figure 1.2. Stress-strain diagrams for structural materials [14] 

 

Table 1.1. Physical properties of  glass [4] [11] 

Property Label Unit 
Soda lime 

silica glass 

Borosilicate 

glass 

Density ρ kg/m3 2500 2200 - 2500 

Knoop hardness 
HK0.1

/20 
GPa 6 4.5 - 6 

Young’s modulus E MPa 70000 60000 -70000 

Poisson’s ratio ν - 0.23 0.2 

Coef. of thermal expansion at 10-6K-1 9 4.0 – 6.0 

Specific thermal capacity cp Jkg-1K-1 720 800 

Thermal conductivity λ Wm-1K-1 1 1 

Average refractive index within 

the visible spectrum 
n - 1.52 1.5 

Surface energy γ J m-2 0.6  

Fracture toughness 𝐾𝐼𝑐 MPa m 1/2 0.75  

Stress corrosion threshold limit  MPa m 1/2 0.25  

 

 

Table 1.2. Characteristic bending strength of each type of glass according to prEN 

13474:2009 [13] and degree of surface prestressing 

Annealed glass/Float glass Heat-strengthened glass 

(HSG) 

Thermally toughened 

glass (TTG) 

45 N/mm2 (0 MPa) 70 N/mm2 (30 – 50 MPa) 120 N/mm2 (> 90 MPa) 
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Figure 1.3. Breakage pattern for different types of glass [15] 

1.2.4. Laminated glass (LG) 

Since glass is an extremely brittle material and therefore unpredictable in terms of safety, the 

basic requirement for structural elements made of glass is to ensure a certain load-bearing 

capacity after fracture in the post-fracture limit state (PFLS). Laminated glass is one form of 

intervention in glass constructions that provides additional load-bearing capacity after one or 

several ply breaks. It is a product created by joining two or more glass plies with polymer 

interlayers that ensure the integrity of the element and the transfer of shear stresses on the 

contact surfaces. The behaviour after fracture is mostly dependent on the type of glass from 

which the LG is made. The annealed and heat-strengthened glass provide a locking effect due 

to larger pieces of glass within the fracture pattern [16], while tempered glass (which has a 

significantly higher fracture limit load) does not ensure additional locking after the breakage of 

the whole pane occurs. More precisely, because of extremely small fragments and in 

combination with a soft interlayer, a phenomenon called the „wet blanket effect“ appears once 

the whole pane is broken, this is the exact opposite effect of the locking effect, causing a 

complete loss of stability, especially if the glass is not well attached to the supports. [17][18]  

In addition to the type of glass, the interlayers that connect the glass plies also have a significant 

impact on the load-bearing capacity of LG. The most common interlayers in the production of 

LG are PVB (polyvinyl butyral), EVA (ethylene vinyl acetate) and interlayers based on 

ionoplast. There are many variations in the mechanical characteristics of the mentioned types 

of interlayers depending on the manufacturers and the used chemical compositions. The 

interlayers come in different thicknesses (and number of layers) depending on the type of 

material and requirements, and most often it is in the range of 0.36 mm - 2.28 mm. The bearing 

capacity of the interlayers depends significantly on the temperature and duration of the load 

[19][20][12]. The influence of interlayer on the bearing capacity of LG structures will be first 

presented in the literature overview in section 2.1., and further numerically tested in Chapter 2. 
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1.3. Overview of standards and regulations for dimensioning 

The design of glass structures is defined in three parts of the European glass standards which 

cover general terms related to glass and the design basis in the first part [1], glass elements 

loaded perpendicular to the plane (out of plane) in the second part [2], and in the third part [3] 

elements loaded in-plane. In the first part, basic concepts and categorization of glass elements 

are defined, also, a different limit states and basis of design are presented. The regulation refers 

to the norm EN 1990 for basic rules and defines a few peculiarities regarding glass members. 

For environmental and climatic influences, the regulation refers to the norm EN 1991 and EN 

1998, with additional demands regarding cavity pressure in insulating glass units (IGU). The 

main division regarding design stages is divided into serviceability limit state (SLS), ultimate 

limit state (ULS), fracture limit state (FLS), and post-fracture limit state (PFLS). The demand 

to design glass structures in each of the listed states is defined with four (0-3) limit state 

scenarios. FLS is presented as “failsafe verification” that can be verified by experimental tests 

or appropriate theoretical assessment where all effects appearing during the fracture are 

simulated. PFLS is described as the capacity of a structure to provide residual resistance certain 

time after the breakage, this state also can be verified by experimental tests or by theoretical 

assessment. Both the FLS and the PFLS are described as cases where accidental load 

combinations should be used. Furthermore, in the first part, all standards for the production of 

different types of glass are listed and belonging basic mechanical characteristics. There are 

special requirements regarding thermally treated glass (HSG and TTG) for increased safety 

related to damage and chemical composition control. For the interlayer, different aspects such 

as load duration, moisture, UV radiation, temperature thermal cycling, etc., are mentioned as 

important features in design but without a detailed description of their influence. Shear stiffness, 

as the most influential characteristic in the aspect of the load-bearing capability of LG elements, 

is proposed to be determined according to the EN 16613 [21] regulation, which describes 

experimental tests and analytical expression to determine interlayer properties and how to place 

it in appropriate stiffness family. It is emphasized that the mechanical properties of interlayer 

and all belonging influences are not yet standardized and will be updated in the upcoming 

versions of standards. For stress determination in LG structures, the first part of the regulation 

defines a linear elastic material model without any ductility as appropriate for glass modelling 

and a non-linear material model for interlayer or other features that are polymer-like material 

origin. The consideration of shear interaction is divided into three stages, for which early 

mentioned material models (non-linear material model) in the form of numerical calculation 
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would be the third, most detailed level of interlayer modelling. In the first level, a rather radical 

approach of neglecting any influence of interlayer in case of favourable effect and taking into 

consideration a full interaction in case of unfavourable effect on structure is proposed. The 

second level defines the usage of analytical models or simplified approaches that are proposed 

in regulation but with proof of their validity. Further in regulation [1], special attention is paid 

to substructures enrolled as glass supports and connections in glass structures to avoid local 

peaks and overcome initial and acquired geometric irregularities. Bending resistance is 

determined in Annex A and Annex B, for monolithic glass by taking into consideration details 

from production and methods of compliance, as well as type of load and load duration. The first 

part of the regulations finishes with a short description of the main features that can cause 

thermal stress in monolithic panels and describes the factors that should be considered, this part 

is not related to the LG. 

The second part of the regulations [2] is related to out-of-plane load and contains a brief 

introduction that recalls concepts presented in the first part of the regulation. The greatest focus 

in this part is on joints, connections, and supports of glass structures, and the simplified 

analytical approach is called the “effective thickness approach”. The focus here is on the 

analytical approach since this concept will be used in this research in several different analyses. 

The effective thickness approach (ETA) is designed as a simple solution for complex composite 

cross-sections where the layered cross-section, often consisting of different materials, is 

replaced with a homogenized (monolithic) cross-section with reduced height and unique 

material characteristics. In the observed second part of the newest draft version of the 

regulation, there are two effective thickness concepts proposed. First is the concept that is 

proposed in the regulation in Annex A, as an informative option with the expression for 

deflection prediction (effective thickness ℎ𝑒𝑓𝑓,𝑤) and the expression for stress prediction 

(effective thickness for i-th ply ℎ𝑒𝑓𝑓,𝜎,𝑖). The second concept refers to the previous version of 

the regulation [22] with the expression for deflection prediction and the expression for stress 

prediction, these expressions are different but they have the same purpose. The expressions 

from older regulations (EN 16612) [22] are defined as appropriate for use in the case of linearly 

supported panes subjected to uniformly distributed loads. Each approach has coefficients that 

describe the shear coupling of glass panels provided by the interlayer. In the first concept (from 

CEN/TS 19100-2:2021 [2]) it is defined as “𝜂” the coupling coefficient that depends on the 

number and thickness of plies, the distance from the center of the pane, the shear modulus of 

the interlayer (𝐺𝑖𝑛𝑡) and is Young’s modulus of glass (𝐸). In the second approach from older 
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regulations (EN 16612) [22], the shear transfer coefficient 𝜔 is defined and it takes values from 

the interval 1-0 in dependence on achieved shear transfer. The value of 𝜔 is defined according 

to the stiffness families (that are not precisely defined) and by taking into consideration the load 

durations and temperatures. In Annex A of regulation CEN/TS 19100-2:2021 [2] a liaison 

between the proposed expressions for effective thickness approach from EN 16612 [22] is 

defined, and it is determined as a ratio between geometric properties. These expressions will be 

presented in detail in Chapter 2.  

Besides the definition of this simplified engineering approaches, the second part of regulation 

CEN/TS 19100-2:2021 [2] defines limits for deformation class 2 from [1] and minimum edge 

cover for glass components of class 3 as well as other recommendations regarding joints and 

natural frequencies which are not the main focus of this research and won’t be detail presented 

here. The third part of regulation CEN/TS 19100-3:2021[3] refers to glass elements loaded in 

the plane. Similar to out-of-plane loading from [2], this regulation recalls limit state scenarios 

including (SLS, ULS, FLS and PFLS). Since here the dominant failure mode is stability loss, 

the regulation proposes ensuring robustness and possibly a second load path for the observed 

elements. For laminated glass, the shear interaction is again defined through the three levels, 

starting from the first which neglects favourable influence of interlayer to the second which 

suggests analytical calculations (effective thickness approach) to the third where a detailed 

numerical model is proposed. To verify different limit state scenarios, there are additional 

demands such as for FLS  where for element loaded in-plane “an additional energy intensive 

lateral impact perpendicular to the surface at the most unfavourable location may be 

necessary” [3]. For determination of resistance of glass components subjected to in-plane 

compression, a geometrical non-linear theory is proposed, when relevant. The second-order 

effects should be considered when their impact on structure influences structural behaviour, 

but, it can be neglected when the ratio between critical buckling force and design load for 

observed structure is greater than 10. It is defined that the second order can be performed 

analytically or numerically, and that buckling curves can be used for simple geometries, once 

those are proposed. The element imperfections (geometrical and material) are combined into 

equivalent geometrical imperfection which should be considered in ULS, FLS and PFLS. The 

value of basic imperfection 𝑒0 depends on type of load on element: flexural buckling and plate 

buckling, lateral torsional buckling and shear buckling. It is determined by the expression 

(1.3.1) and for 𝑒0,𝑖𝑛𝑠𝑡𝑎𝑙𝑙𝑎𝑡𝑖𝑜𝑛 it is allowed to use measured value but not less than 3 mm. 
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𝑒0 = √𝑒
2
0,𝑙𝑒𝑛𝑔𝑡ℎ + 𝑒

2
0,𝑖𝑛𝑠𝑡𝑎𝑙𝑙𝑎𝑡𝑖𝑜𝑛 (1.3.1) 

The FLS and PFLS bring additional imperfection due to lateral shift after fracturing of a ply 

and for tempered glass due to expansion of bonded fragments. These values are proposed in 

regulation. The appearance of slip between panels at the edge of elements prone to flexural 

buckling failure should be prevented by enclosing the edge. The regulation further recalls the 

procedure for the calculation of three limit states, where for ULS the element is observed as 

intact, and in FLS and PFLS some of the plies should be fractured. For this type of loading, it 

is necessary to conduct strength and stability checks. Since glass strength is significantly higher 

in compression than in tension, the regulation proposes that the user adopts the tensile strength 

of observed glass as compressive strength to provide more reliable and safer calculations. 

Special attention is paid to dynamic effects in the case of FLS. Regarding the SLS, no special 

demands other than those defined in the first part of the regulation are defined. Further focus is 

on joints and connections for in-plane loaded element, and the regulation finishes with the 

annexes which define calculation of critical buckling force and critical bending moment (Annex 

A), followed by Annex B where effective moments of inertia are presented and Annex C which 

is again related on joints calculations.  In Annex A, the critical buckling force is proposed based 

on Euler theory (expression for critical buckling force) but with the usage of effective moment 

of inertia (𝐼𝑧,𝑒𝑓𝑓) for simple supported laminated glass elements. The calculation of 𝐼𝑧,𝑒𝑓𝑓 is 

defined in Annex B, where the proposed shape of lateral deflection component is sinusoidal. A 

detailed description of all members and equations for critical bucking force determination is 

provided in Chapter 4. 

Presented regulations define basic frames for calculations of glass and laminated glass elements 

and they serve as guidance for engineers, but there is more space for advancement and resolving 

some important issues. The accuracy of the proposed effective thickness approach for in-plane 

and out-of-plane loaded elements is not detail defined and tested in conditions of different 

temperatures and loading duration. Also, the limits of usage of the proposed simplified method 

are not determined from the aspect of the size of the structure, boundary condition, and 

geometry of the element. 

1.4. The hypothesis of the work and the main goals 

Considering current shortcomings in the field of glass structures this thesis deals with three 

fields that are currently a topic of interest in laminated glass constructions. Each of these topics 

resulted in published papers [12][23][15] where most of the results are presented.   
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The first theme, presented in Chapter 2 is an analysis of the influence of atmospheric 

temperatures and load duration on the bearing capacity of laminated glass structures. The 

research covers a lack of detailed information regarding capacity loss due to temperature loads 

in the range of atmospheric temperatures and expected load durations. The research is 

conducted with numerical models which are validated with experiments. Specimens are tested 

until fracture, and in numerical analysis, the fracture is not simulated due to a lack of methods 

that could reliably describe the nonlinear behaviour of glass elements. The chosen geometry for 

the test is defined according to regulation EN 1288-3 [24] so that the results can be comparable 

with the other results from the literature. The analysis is extended to a simplified engineering 

approach (ETA) where the accuracy of prediction of ultimate load and deflection for assigned 

load is tested, again in the range of atmospheric temperatures. 

The second topic presented in Chapter 3 of this thesis arises from a lack of possibilities for 

simulating the non-linear behaviour of glass elements exposed to static load. This shortcoming 

is not present in analyses of laminated glass structures exposed to short-term impact/dynamic 

loads because explicit numerical methods are employed there providing an excellent 

predictability of the structural response and a fracture pattern. For static loading, there are not 

many numerical methods that can accurately predict the nonlinear behaviour of brittle materials, 

and those capable of it have input requests of defining an initial crack. Simulation of the initial 

crack is not an appropriate model for glass because this type of analysis mostly observes the 

crack propagation and an initial crack in glass elements means the breakage of the whole 

element (especially in the case of tempered glass) because the propagation of cracks is an 

instantaneous process. The solution to this problem is proposed by using an embedded 

discontinuity method that is capable of simulation crack appearance in solids, without the 

demand for initial cracks. Based on this method a multiscale model is developed, capable of 

simulating accurately the ultimate load for laminated glass elements.  The model consists of the 

micro model that simulates a real laminated glass cross-section and a macro model that is a 

homogenized (monolithic) cross-section with assigned material behaviour according to the 

micro model. The validity of the multiscale model is tested by comparing the results with the 

experiments, and the effective thickness approach is also tested in combination with the 

multiscale model. This model is further developed for plate structures, using discrete Kirchhoff 

plate theory and constitutive model for principal directions of inner forces and stresses. Again 

the basic micro Timoshenko beam model is used to define the constitutive behaviour, but this 

time for principal directions of macro plate elements.  
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The third topic, presented in Chapter 4, is related to in-plane loaded laminated glass elements 

and the combination of a simple numerical model with Level 2 of interlayer modelling. Again, 

according to the regulations, the simplified engineering approach analysis regarding the 

predictability of buckling forces for in-plane loaded laminated glass elements is presented.   

In each of the further sections first, an overview of the literature is presented with an emphasis 

on the theme of the Chapter, and then the research setup and the obtained results together with 

the conclusions are presented. The structure of work is divided similarly to regulations (out-of-

plane and in-plane loaded elements) and it can be seen that in all chapters an analysis of a 

simplified engineering approach – effective thickness approach is tested and the predictability 

of element capacity by using this approach is compared with the obtained experimental and 

numerical results. In all chapters, the main focus is on the prediction of the bearing capacity in 

the phase before failure and during failure, and the post-breakage capacity is not analysed in 

the case of out-of-plane or in-plane static loading. 
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2.1. Introduction 

In the previous chapter, an overview of different approaches and methods from current and 

former regulations is presented. As already mentioned the instructions regarding the design of 

laminated glass elements exposed to thermal atmospheric amplitudes and standard load 

duration are not precisely defined and the estimation of these influences is left to the user’s 

experience with a few minor guidelines. 

To test the influence of real annual temperature amplitudes for regions of Croatia on the 

behaviour of simple laminated glass structures we conduct a numerical analysis for different 

temperatures and load durations. First, the experimental test on room temperature conditions is 

conducted to compare the reliability of the numerical model. By using material characteristics 

of the interlayer provided by the manufacturer we compare the observed results from the aspect 

of stress and deflections. Furthermore, with a validated model and for two types of interlayer a 

numerical analysis for the same specimens exposed to different temperatures is conducted. 

Stress and deflection as main measures of structural behaviour are observed and compared. The 

element is numerically tested by using a load level lower than the limit for ULS. The results are 

compared with other results from the literature and presented in 3D plots. At the end of the 

chapter, an overview of the results and conclusions are presented. 

The majority of the upcoming results within Chapter 2 are published in the paper [12], and 

here will be presented the research, results and conclusions, together with the additional 

experiments and analysis regarding the effective thickness approach (ETA). The table with the 

exact values of all numerical results is presented in Appendix A, and also can be found in [12]. 

2.2. An overview of the research area 

Laminated glass is mostly used in places where post-breakage capacity is a crucial demand for 

glass structures. Interlayers have a dual role in laminated glass, first is a structural performance 

where they ensure the coupled behaviour of two or more glass plies by transferring shear forces 

between panels. The second role is providing safety and post-breakage capacity which occurs 

after breakage of one or more plies [25][26][27][28][29]. Interlayer retains glass fragments 

adhering and prevents injuries from those fragments while at the same time, it provides 

additional carrying capacity. In a tensile zone, that adhesion does not ensure any specific 

advantages except for retaining weight. However, in the compression zone, the glass fragments 

can create additional load-bearing capacity by accomplishing contact and transferring forces 

through the contact. Coupling behaviour in laminated glass depends on the type of interlayer, 
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geometrical properties and atmospheric conditions. Interlayers in LG are transparent polymer 

materials with large variations in mechanical properties that depend on temperature, load 

duration, and moisture, which affects coupled behaviour and a post breakage capacity. [30] The 

mechanical behaviour of LG elements could be placed between two limit behaviours: the state 

in which we neglect the influence of interlayers and observe LG as two separate glass plies 

without frictional interaction, and a monolithic behaviour where a full shear transfer through an 

interlayer is accomplished on LG element. [31][32] These two limits are presented in Figure 

2.1. The behaviour of LG members within these limits depends on the mechanical properties of 

the interlayer, the type of loading and load duration, and the type of boundary conditions. For 

example at high-velocity loads (impact), the interlayer behaves very stiff, and the LG member 

behaviour is closer to the monolithic limit, while at longer duration of loading (static and long-

term) the influence of the viscoelastic nature of the interlayer is emphasized. There are different 

types of interlayers for LG production, but it can be said most commonly used types of 

interlayers in LG structures are PVB (polyvinyl butyral), EVA (ethylene vinyl acetate), and 

Ionoplast interlayer. Each of these mentioned materials has some benefits and disadvantages 

and it is important to be familiar with them before a choice is made. Since the mechanical 

properties of interlayers are primarily affected by temperature, moisture, and load duration, the 

researchers in [33] [34] tested experimentally and numerically specimens to define parameters 

to describe the behaviour of observed materials. It is proven in [35] that the influence of 

temperature reduces the relaxation time of the polymers. Shear modulus degradation for 

increased temperatures and for different load durations is observed and confirmed in static shear 

experimental testing [36] and long-term testing [37]. 

 

Figure 2.1. Representation of two limit states of the load capacity of LG [38] 
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In numerical simulations of LG, different material models of interlayers are used and the chosen 

model depends mostly on the type of loading. For the dynamic load, hyperelastic models [28] 

and rate-dependent hyperelastic models [29] are commonly used, for high strain rates 

elastoplastic models are used [39], and for static loading nonlinear elastic hardening models 

[40] are used. 

For comparison, the material specifications of interlayers are shown in Table 2.1., and in Figure 

2.2., graphs with Young’s modulus taken from available technical sheets [41] [42] are 

presented. In the graph in Figure 2.2., the difference in behaviour between the Ionoplast 

interlayer and PVB interlayer is presented. For increasing the load duration (x axis), the slope 

of curves that present the degradation of Young’s modulus of Ionoplast (for different 

temperatures) is very small compared to PVB (dashed curves) which becomes steep for 30 min 

load at 20 °C, and for all load durations in case of temperatures over 30 °C. For both interlayers, 

the values of material characteristics are decreasing with higher temperatures and load duration, 

but the difference is pronounced for the PVB interlayer. The thickness of an interlayer is 

standardized and the values depend on the type of interlayer, it is mostly in the range from 0.36 

mm to 2.28 mm, and the value is chosen depending on the physical and structural requirements. 

 

Figure 2.2. Comparison of degradation of Young modulus E (MPa), for the Ionoplast and 

PVB interlayers due to load duration log (t(s)) at different temperatures T (°C) [12] 
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Table 2.1. Basic mechanical properties of the interlayers from [41][42][43][12] 

 PVB (Structural) EVA  Ionoplast 

Density 1070 kg/m3 970 kg/m3 950 kg/m3 

Poisson’s ratio 0.476 0.32 0.458 

Glass transition  

temperature [43] 
12–25 °C −28 °C 55 °C 

 

PVB - polyvinyl butyral - is a synthetic polymer from the polyvinyl acetate family, one of the 

most frequent materials for LG members. The properties of PVB polymer show a dependence 

on moisture [44], temperature and load duration [39][45][46]. Depending on the primary 

purposes (acoustic, structural, and solar) we can find different types of PVB interlayers. Those 

types of PVB interlayers have different mechanical properties, resulting in different stiffness 

and glass transition temperatures (Tg) [43]. It is noticed that a production process of LG with 

PVB causes changes in the mechanical characteristics of PVB. The mechanical properties, 

observed through shear modulus, show a discrepancy when comparing specimens produced 

from raw PVB (before the autoclave process) and those embedded inside LG with the autoclave 

process [47]. The autoclave process provides heat and pressure to achieve coupling which 

affects interlayer characteristics. PVB interlayers show a degradation of shear transfer between 

plies at increased temperatures, similar to EVA interlayers. 

EVA - ethylene vinyl acetate - is a copolymer interlayer material, it is a moisture resistant 

interlayer [44], often used for specific purposes such as photovoltaic cells or a coloured design. 

[12] EVA interlayers have thermorheologically complex behaviour. [48][12] There is not much 

information about the material characteristics of EVA interlayers, except for those from the 

experiments, such as humidity impact tests [49], which provide specific types of results. A 

dynamic single-lap shear test and dynamic torsion tests from [35] conducted on small-scale LG 

specimens with PVB and EVA interlayers, show differences between two interlayers. 

Specimens are tested at different temperatures and different dynamic frequencies, and PVB 

reveals a stiffer response compared to EVA for temperatures under 40 °C. For a lower 

temperature of around -20 °C, where other interlayers have no ductility (almost brittle behaviour 

of interlayer occurs), EVA interlayers had better impact resistance (penetration resistance), this 

appears as a consequence of lower glass-transition temperatures. [43] However, in four-point 

bending tests conducted at room temperature from [50], elements with an EVA interlayer and 

PVB interlayer showed similar behaviour. Samples of EVA interlayer are tested in dynamic 

mechanical thermal analysis (DMTA), biaxial tests, and uniaxial tests [51] and the behaviour 

is described with two types of material models in dependence on the type of loading. For large 
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deformations, where nonlinear stress-strain behaviour occurs, material behaviour is described 

with a hyperelastic model, and at small strains, EVA is described with time-dependent 

behaviour - linear viscoelasticity. The production of LG with EVA interlayer includes higher 

temperatures but does not require an autoclave process. [43] 

In the literature, many types of research regarding the comparison of different types of 

interlayers can be found, in [20] authors tested specimens created from different types of EVA 

and PVB interlayers loaded in static single-lap shear tests with different temperatures and strain 

rates included. In [19] authors tested PVB specimens in double-lap long-term tests exposed to 

different humidity conditions and different temperatures. In both cases, it is proven that the 

interlayer behaviour is highly dependent on temperature and there is a minor sensitivity to 

humidity. To simulate the behaviour of interlayers in an unfractured state of LG elements, these 

shear tests are more appropriate due to the realistic interlayer stress state. In uni-axial tests, the 

stress state is more appropriate for the simulation of PFLS. An overview of the commonly used 

methods for determining polymer thermos-viscoelastic behaviour is presented in [52], 

furthermore, the dynamic-torsion cyclic tests in rheometers on small samples of LG are 

described and the results are presented which brought similar conclusions regarding the viscous 

properties of interlayer material.  

Ionoplast interlayer is the third most used type of interlayer which is an ionomer-based material 

that provides the highest level of structural performance [44], but with the highest cost. It is 

developed for hurricane-resistant building facades. [27] This interlayer is the best option when 

a high strength and resistance of LG elements are necessary. [53] In static experimental tests 

[54], LG with an Ionoplast interlayer, compared with LG with EVA and PVB interlayers, 

showed significantly higher ultimate load and better post-breakage capacity.  

In all mentioned tests we can find tests performed on samples of interlayer materials only, and 

others are performed on coupled elements (with glass parts). In these observed geometries (very 

thin specimens) interlayers are not predetermined to be used as stand-only elements, and in LG 

panels, they are dominantly loaded in shear (not so much in axial direction) and the tests on raw 

materials should always be validated with coupled real-size tests on LG specimens [12].  

 

2.3. Experimental tests on LG specimens according to EN 1288-3 

The experimental test on LG specimens is carried out in the Structural Laboratory of the 

Faculty of Civil Engineering, Architecture and Geodesy. These tests are conducted because the 

available data and the presented analyses showed the unknowns regarding interlayer behaviour 
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and the impact of this behaviour on the capacity of LG members. Four-point bending tests are 

chosen as appropriate because it is possible to determine the real strength of the specimen 

regarding the known position of fracture occurrence and the exact value of internal forces. 

Three-point bending setup is not used because it is hard to achieve fracture origin exactly at the 

middle of the specimen where stress is calculated, so it could result in in apparently higher 

strength than the real one. In a four-point bending tests, the main demand is to fracture occur 

inside the load span. LG specimens are exposed to a four-point bending test at room 

temperature. The specimens are made of two tempered glass panels with a 6 mm thickness of a 

ply. Glass plies are connected with a 0.76 mm-thick Saflex DG41 PVB interlayer (EASTMAN, 

US; 𝐸1𝑚𝑖𝑛,25°C = 387𝑀𝑃𝑎; 𝐺1𝑚𝑖𝑛,25°C = 131𝑀𝑃𝑎; 𝜈 = 0.476), where 𝐸1𝑚𝑖𝑛,25°C is Young’s 

modulus at 25 °C, 𝐺1𝑚𝑖𝑛,25°C is shear modulus at 25 °C and 𝜈 is Poissons coefficient. The test 

is conducted according to regulation EN 1288-3 [24] with some minor differences in span. The 

span is 950 mm, and the width and length of the specimen are 330 mm and 1000 mm, 

respectively. Testing device bearings are made of steel and hard contact of the steel bearing and 

the glass specimen is prevented by using 0.1 mm-thick rubber protection. The specimens are 

exposed to bending with increasing the stress at a rate of 2.0𝑁/𝑚𝑚2. 𝑠, until failure occurred. 

Tests are conducted at room temperature (25 °C) and moisture conditions (50%). All specimens 

were produced approximately one year before the test, and stored in the same conditions. [12] 

The experiments are performed on a testing device CONTROLS Automax Multitest 

(CONTROLS, Italy). As mentioned, the samples are placed on cylindrical supports and 

separated with rubber protection. A QUANTUM MX840B from HBM (HBM, Germany) was 

employed for the data acquisition, with a sampling frequency of 300 Hz. Force and 

displacement are measured with the CONTROLS device implemented acquisition. The 

deflections are measured additionally with six linear variable displacement transducers 

(LVDTs), arranged symmetrically on the specimen: four at the bearings (two at each side) and 

two at the center. A CONTROLS device controlled the applied force at each step. [12] 

A schematic view of the test setup is presented in Figure 2.3., and a photo of the test setup 

in Figure 2.4. Four strain gauges are used to measure upper and bottom glass plie strains at 

points A and B (Figure 2.3.). All tests are conducted until fractures occur on the bottom ply of 

specimens, while the upper ply remains undamaged; see Figure 2.4.  
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Figure 2.3. Schematic representation of test setup and loading [12] 

 

  

(a) (b) 

Figure 2.4. Photo of test setup: a) before loading; b) when breakage of bottom ply occurred 

 

After the fracture of the bottom ply, which occurs in a manner that the whole ply is 

fragmented, the load-bearing capacity is reduced. Here is important to emphasize that these 

specimens are made of tempered glass and that fracture initiation occurred in one place resulted 

in full fragmentation of the whole ply, see Figure 2.5. With this kind of fragmentation, 

specimens lose transparency but almost all fragments remain adhere to polymer interlayer. In 

that phase, the polymer can provide the tensile force together with the lower part of the upper 

ply to withstand bending moments. [12] After fracturing occurs at the bottom ply, the panel 

remains loaded with 1 kN of force without a further increase in deflection, which is equivalent 
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to 100 kg mass on the panel that can withstand in damaged state. This condition is the best 

indicator of the post-breakage capacity of the LG panel laminated with PVB interlayer. Also, a 

permanent deformation in the direction of deflection of approximately 12 mm remains after the 

unloading. The permanent deformation is present even 6 months after the test, regardless of a 

slight tendency to straighten the panel caused by weight (the damaged specimens are placed on 

a flat surface with the broken glass ply facing upwards). The permanent deformation is a 

product of bulk volume increase for a tempered glass plie because cracks are filled with glass 

dust and small fragments. This volume increase is considered in the third part of regulation 

CEN/TS 19100-3:2021[3] as an additional imperfection for elements loaded in-plane. In all 

specimens exposed to four-point bending, fracture initiation occurred in the zone of the constant 

maximum moment (between the applied forces) on tensile glass ply, which is typical for static 

loading. 

  

(a) (b) 

 

(c) 

Figure 2.5. Photography of fracture patterns of specimens: (a) S1; (b) S3; and (c) side view on 

centre of LG pane [12] 

 

The results for tested specimens are presented in the graph in Figure 2.6., deflections are 

compared to the four-point bending test results of Pankhardt and Balázs [30] and Serafinavicius 

et al.[27] where different types of interlayers are tested (PVB, EVA, SGP; EVA), with different 

thicknesses. In [27] authors tested LG composed of two 6 mm plies with PVB (1.52 mm), EVA 

(0.89 mm), and SGP (1.52 mm) interlayers. All results are for room temperature and it is visible 
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that the value of ultimate force and deflection varies according to interlayer type. At room 

temperature and different thicknesses (0.89 mm and 0.76 mm), the EVA [30] [27] and PVB 

interlayers have the lowest difference in the ultimate force with the mean value of PVB 

specimens 𝐹𝑚𝑒𝑎𝑛,𝑃𝑉𝐵 0.76 = 6.71𝑘𝑁 and the ultimate force of EVA specimens 𝐹𝑚𝑒𝑎𝑛,𝐸𝑉𝐴 0.89 =

6.70𝑘𝑁 . However, specimens with EVA interlayer have greater deflection at fracture point 

(𝑤𝑚𝑒𝑎𝑛,𝑃𝑉𝐵 0.76 = 30.32𝑚𝑚 and 𝑤𝑚𝑒𝑎𝑛,𝐸𝑉𝐴 0.89 = 35.04 𝑚𝑚). The SentryGlas ionoplast 

interlayer, compared with the same thickness of PVB interlayer shows a much stiffer response, 

consequently and increased ultimate strength. It is expected that for increased temperatures this 

discrepancy could be even higher due to lower stiffness of interlayers. Hence, the contribution 

of the interlayer to the global behaviour of the glass panels at room temperature is favourable 

because plies are coupled. [12] 

 

 

Figure 2.6. Results of four-point bending test compared with other similar tests [30] [27] from 

the literature [12] 

 

2.4. Description of a numerical model for analysing the behaviour of LG 

elements 

The numerical model in ANSYS software is performed based on a four-point bending test and 

presented geometry from the experimental tests. The model consists of two glass plies 
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connected with an interlayer. The model is discretized with 3D solid elements, with the element 

size ratio for the glass pane and interlayer not higher than 1.5 interlayer elements. Contact of 

the glass and interlayer is defined as an absolute bond, without any sliding. This is a typical 

case in modelling ULS because the interlayer-glass connection is not endangered until FLS and 

PFLS. For loading lower than the limit of ULS the contribution of the interlayer to the bearing 

capacity of the glass member appears mostly through its shear stiffness. The shear capacity of 

the interlayer offers a lower degree of resistance to deformation than the possible peel-off on 

the surface between the glass and the interlayer. The specimen (glass panel) has a total span of 

950 mm and it is supported on two ends with one sliding bearing (the panel is supported with 

rollers) and fixed bearing but with free rotation. The load is placed at the same positions as in 

the four-point bending test, 100 mm on each side from the mid-span and it is modelled as line 

load. The adopted material characteristics for the glass used for pre-calculation of expected 

force values and in numerical models are those proposed from the regulation [1] and presented 

in Tables 1.1 and 1.2, and those for PVB in Table 2.1., and in Figure 2.2. For the validation of 

the numerical model a Young’s modulus and Poisson’s ratio of interlayer are used according to 

the total test duration and test temperature (experiments) (𝐸1𝑚𝑖𝑛,25°𝐶 = 387𝑀𝑃𝑎; 𝐺1𝑚𝑖𝑛,25°𝐶 =

131𝑀𝑃𝑎;  𝜈 = 0,476). The shear modulus of interlayer is determined in dependence to 

Young’s modulus and Poisson’s ratio, as proposed in producer technical sheet. [12] 

The accuracy of the numerical model (with PVB) is validated with the experimental results for 

the first loading stage (fracture of the bottom glass ply). In the model, stress is controlled and 

limited on the mean value of stress that occurred during the breakage of specimens - 

experimental fracture stress. The fracture simulation is not accomplished in the numerical 

model due to the lack of appropriate numerical methods for the simulation of fracturing brittle 

material exposed to static load, the calculation is interrupted by reaching the stress limit. The 

predicted deflection in numerical model is compared with the experimental results and the 

results are presented in the graph in Figure 2.7. A very good coincidence of numerical and 

experimental results can be seen regarding deflection for the assigned force. This result showed 

a good capability of the numerical prediction of behaviour of specimens in aspects of stiffness 

and stress, without fracture simulation. In further analysis this model is used to provide a 

parametric analysis for different conditions regarding temperature, load duration and interlayers 

with different stiffness.   

Namely, the available data and the earlier mentioned analyses insinuated the need for a 

parametric analysis of the influence of temperature change on the behaviour of LG members 
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loaded out-of-plane. In further parametric analyses, for the PVB constitutive model different 

values of Young’s modulus (𝐸) and the shear modulus (𝐺), in dependence on the load duration 

(log (𝑡)) and temperature (𝑇) are used. The pane is loaded under the fracture limit, and FLS and 

PFLS are not considered. In the case of this type of loading (under the fracture limit), the 

interlayer is exposed only to small strains, lower than the failure strain of the glass ply on LG 

elements. [21] The failure strain of the glass ply is approximately 0.167%, for a typical 

tempered glass with ultimate strength of 120 MPa and an elastic modulus of approximately 70 

GPa. In cross-section the interlayer is placed around the middle and for dominant bending 

action it is exposed to a very small strain in ULS. [12] 

 

Figure 2.7. Force-displacement graph – comparison of the results of experimental test and 

numerical model [12] 

By using this validated numerical model, other geometries with different thicknesses of the 

glass plies and interlayers are analysed, and these geometries are used in the parametric study. 

2.5. Model results of a parametric study of interlayer properties influence 

on bearing capacity of LG elements 

The parametric analysis is conducted for twelve geometries. Basic properties of the model such 

as a span of 950 mm and a width of 330 mm are kept the same. Uniform loading is adopted 

for all panels, a total force of 1000N is divided into two lines uniformly distributed as 
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15.151 N/cm′. For the interlayer, thicknesses 𝑡 = 1.52 mm and 𝑡 = 2.28 mm both PVB and 

ionoplast interlayers are used, and for lower thicknesses, PVB is used with the thickness 𝑡 =

0.76 𝑚𝑚 and ionoplast with 𝑡 = 0.89 𝑚𝑚 according to production dimensions. For glass panes 

two combinations of thickness are used, creating three dispositions 6 + 10 mm, 10 + 6 mm, and 

8 + 8 mm, the disposition title and the geometry are presented in Table 2.2. As can be seen, the 

main goal is to use the same total thickness of the glass parts but with a different disposition. 

For all analyses, force is kept fixed and the temperature, load duration and geometry are varied. 

As the main indicators of element behaviour and its stiffness the stresses on the bottom glass 

ply and total deflection are observed. 

 

Table 2.2. The dispositions: title and the associated geometries 

Disposition Geometry Interlayer type Interlayer thickness 

D1 6 mm + 10 mm PVB + Ionoplast 0.76(0.89) mm; 1.52 mm; 2.28 mm 

D2 8 mm + 8 mm PVB + Ionoplast 0.76(0.89) mm; 1.52 mm; 2.28 mm 

D3 10 mm + 6 mm PVB + Ionoplast 0.76(0.89) mm; 1.52 mm; 2.28 mm 

 

To obtain the relationship between the load duration, temperature, and geometry influence on 

the pane deflection (as a measure of flexural stiffness) and tension stress in the bottom glass 

ply, an analytical polynomial of three independent variables with unknown coefficients is used. 

For these three variables (load duration, temperature, and thickness of interlayer) every 

functional independence is defined by a second-order polynomial that generated a sixth total 

order polynomial: 

𝑃(𝑥, 𝑦, 𝑧) = 𝐹1 + 𝐹2 ∙ 𝑥 + 𝐹3 ∙ 𝑦 + 𝐹4 ∙ 𝑥
2 + 𝐹5 ∙ 𝐹𝑥 ∙ 𝑦 + 𝐹6 ∙ 𝑦

2 + 𝐹7 ∙ 𝑥
2 ∙ 𝑦 + 𝐹8 ∙ 𝑥 ∙ 𝑦

2 + 𝐹9

∙ 𝑥2 ∙ 𝑦2 + 𝐹10 ∙ 0𝑧 + 𝐹11 ∙ 1𝑥 ∙ 𝑧 + 𝐹12 ∙ 𝑦 ∙ 𝑧 + 𝐹13 ∙ 𝑥
2 ∙ 𝑥𝑧 + 𝐹14 ∙ 𝑥 ∙ 𝑥𝑦 ∙ 𝑧

+ 𝐹15 ∙ 𝑦
2 ∙ 𝑦𝑧 + 𝐹16 ∙ 6𝑥

2 ∙ 6𝑦 ∙ 𝑧 + 𝐹17 ∙ 7𝑥 ∙ 𝑦
2 ∙ 𝑧 + 𝐹18 ∙ 8𝑥

2 ∙ 8𝑦2 ∙ 8𝑧 + 𝐹19

∙ 𝑧2 + 𝐹20 ∙ 0𝑥 ∙ 𝑧
2 + 𝐹21 ∙ 1𝑦 ∙ 𝑧

2 + 𝐹22 ∙ 2𝑥
2 ∙ 2𝑧2 + 𝐹23 ∙ 3𝑥 ∙ 𝑦 ∙ 𝑧

2 + 𝐹24 ∙ 4𝐹
2

∙ 4𝐹2 + 𝐹25 ∙ 𝑥
2 ∙ 𝑦 ∙ 𝑧2 + 𝐹26 ∙ 𝑥 ∙ 𝑦

2 ∙ 𝑧2 + 𝐹26 ∙ 7
2 ∙ 𝑦2 ∙ 𝑧2  

(2.5.1) 

 

where 𝑥, 𝑦, 𝑧 are independent variables assigned to the physical values of the logarithm of load 

duration in seconds, the value of ambient temperature in °C, and the value of interlayer 

thickness in mm; the 𝐹𝑠 are unknown coefficients. [12]  

The unknown coefficients from the expression are solved iteratively by MATLAB [55]. The 

coefficients are calculated using a nonlinear least-squares estimation [56]. The solution has 
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converged successfully for all of the datasets. A detailed explanation of the fitting process and 

RMSE values is provided in [12]. 

For easier comparison of all data, and after fitting with polynomial function an isosurfaces are 

created, representing the dependence of the deflection and stress on the specified parameters. 

The isosurfaces are presented in Figure 2.8. – 2.13. In each figure, the results of deflection or 

stresses at the bottom panel are presented for two interlayers PVB and Ionoplast. They can be 

described as three – parameter representation of differences that occur in LG member behaviour 

at different interlayer thickness, temperature and load duration. By comparing the different 

family of isosurfaces we can observe the influence of dispositions and different types of 

interlayers along described independent variables. As expected, from the slope of isosurface 

families belonging to ionoplast and PVB interlayer it can be seen a higher flexural stiffness and 

better behaviour (lower deflections) for ionoplast when temperatures over 20 °C and load 

durations over 24 h occur. PVB interlayers have a lower capacity for longer (permanent) loads, 

and the glass panes with PVB interlayers show higher deflection in comparison with ionoplast 

interlayers for the same conditions (thickness of the glass pane, load duration, and temperature). 

If the disposition D1 is observed in Figure 2.8., for the thickness t=1.52 mm of both interlayers, 

fixed loading, and load duration (24 h), in the interval from 10 °C to 25 °C the decrease in 

moment of inertia for PVB specimen is approximately Δ𝐼𝑒𝑓𝑓 = 5.485 𝑐𝑚
4 (I𝑒𝑓𝑓,10°C =

11.526 𝑐𝑚4; I𝑒𝑓𝑓,25°C = 6.041 𝑐𝑚
4), which results with Δ𝑤 = 1.886 𝑚𝑚 higher deflection 

and Δ𝜎 = 1.821 𝑀𝑃𝑎 higher stress in the bottom tensile ply. For the same conditions and D1 

disposition the decrease in moment of inertia for Ionoplast specimens is approximately Δ𝐼𝑒𝑓𝑓 =

0.202 𝑐𝑚4 (I𝑒𝑓𝑓,10°C = 12.99 𝑐𝑚
4; I𝑒𝑓𝑓,25°C = 12.788 𝑐𝑚

4), which results with Δ𝑤 =

0.029 𝑚𝑚 higher deflection and Δ𝜎 = 0.04 𝑀𝑃𝑎 higher stress in the bottom tensile ply, which 

is almost negligible. The stiffness and the behaviour of elements for different conditions are 

visible in the slope change of isosurfaces when moving through each axis. If the stiffness 

decrease is observed as a percentage of monolithic limit (ML) calculated as a moment of inertia 

with a full height of cross-section, then for the  D1 disposition the decrease in stiffness of panes 

with PVB interlayer is from 77.94% of ML for  10 °C and 24 h to 40.85% of ML for 25 °C and 

24 h. For pane with Ionoplast interlayer, the decrease for the same conditions is from 87.83% 

of ML to 86.47% of ML. pre
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a) 

 

b) 

Figure 2.8.  The deflection graph for disposition D1: (a) PVB interlayers; (b) Ionoplast 

interlayers [12] 

 

For disposition D2, presented in Figure 2.9. the stiffness decrease, observed as a percentage of 

monolithic limit (ML) in the case of panes with PVB interlayer is from 77.68% of ML for  10 

°C and 24 h to 37.95% of ML for 25 °C and 24 h. For pane with Ionoplast interlayer, the decrease 

for the same conditions is from 88.89% of ML to 87.41% of ML. 
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a) 

 

b) 

Figure 2.9.  The deflection graph for disposition D2: (a) PVB interlayers; (b) Ionoplast 

interlayers [12] 

 

For disposition D3, presented in Figure 2.10. the stiffness decrease, observed as a percentage 

of monolithic limit (ML) in the case of panes with PVB interlayer is from 77.94% of ML for  

10 °C and 24 h to 40.85% of ML for 25 °C and 24 h. For pane with Ionoplast interlayer, the 

decrease for the same conditions is from 87.84% of ML to 86.47% of ML. These results are 

equal as the results for disposition D1. 
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a) 

 

b) 

Figure 2.10.  The deflection graph for disposition D3: (a) PVB interlayers; (b) Ionoplast 

interlayers [12] 

 

In Figure 2.11., 2.12., and Figure 2.13. the stress on the bottom panel is presented for different 

conditions. If the stress behaviour pattern is observed it can be seen that the highest stress occurs 

in disposition D1 for the case of panes with PVB interlayer. The increase in stress for fixed 

temperature (10 °C), and the same thickness of interlayer (1.52 mm) is 42.9% for increasing 

load duration from 24 h to 10 years. This ratio is the highest for D1 disposition and slightly 
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lower for D2 (40.18%) and D3 (35.44%) dispositions. A similar pattern, but only on a much 

lower scale, is observed at panes with Ionoplast interlayer, where for the same conditions the 

increase in stress at the bottom ply is 0.45% for D1 disposition, 0.36% for D2 and 0.095% for 

D3 disposition (these values are calculated also for 10 °C). However, a slightly higher value of 

stress at the bottom ply for the Ionoplast interlayer occurs at disposition D3. 

 

a) 

 

b) 

Figure 2.11. The stress graph for a disposition D1: (a) PVB interlayers; (b) ionoplast 

interlayers [12] 
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a) 

 

b) 

Figure 2.12. The stress graph for a disposition D2: (a) PVB interlayers; (b) ionoplast 

interlayers [12] pre
vie
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a) 

 

b) 

Figure 2.13. The stress graph for a disposition D3: (a) PVB interlayers; (b) ionoplast 

interlayers [12] 

 

To observe the influence of specific parameters through the isosurfaces the clearest insight is 

to “freeze” certain values and to follow the behaviour in that plane. In the following, we will 

describe each parameter through its effects: 

Influence of thickness dispositions - For non-symmetrical glass ply dispositions, and PVB 

interlayers dominantly, greater stress appears in cases where the thicker glass ply is at the 
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tension side – at the bottom (6 mm + 10 mm) for both types of interlayers. This behaviour is 

expected because the thicker panel has higher bending stiffness and can withstand higher loads 

which results in higher stresses in that part. The symmetrical disposition of glass plies (8 mm 

+ 8 mm) shows values of stress between two presented disposition limits (6 mm + 10 mm and 

10 mm + 6 mm). Regarding deflection, the nonsymmetrical dispositions do not provide a 

significant deviation, and these values are slightly lower than those from symmetrical 

dispositions of plies (8 mm + 8 mm). The only thing that influences the size of the deflection, 

when disposition is observed, is the total thickness of the pane. 

Influence of different interlayer materials and their thickness – When observing 

deflections, LG pane with ionoplast interlayers provides generally higher stiffness than the 

same model with PVB (Saflex DG41) interlayer and the difference is greater with increasing 

the temperature and load durations. This behaviour is expected because an ionoplast interlayer 

provides the highest level of structural performance [44], which causes lower deflection. A 

different trend regarding the increase in interlayer thickness is visible in the model with PVB 

interlayers (vertical orientation of surfaces) than those in Ionoplast (horizontal orientation of 

surfaces with a tendency of verticalization as higher temperature and load duration occur). 

Namely, for PVB interlayers at temperatures up to 25 °C, and shorter loadings (up to 24 h) an 

increase in interlayer thickness doesn’t affect the deflection, and for longer loadings (>1 

month), an increase in the thickness of PVB interlayers shows an unfavorable effect on pane 

deflection increase. This is a result of PVB’s sensitivity to load duration and temperatures which 

for increased thickness results only in higher shear deformations. On the other hand increase in 

Ionoplast thickness brings a decrease in deflections (increased static height) and that effect 

disappears with increasing the load durations and temperatures (over 35 °C and 1 month). 

Influence of load duration - For longer load durations and increased temperatures, PVB 

interlayers show unfavorable behaviour regarding bearing capacity (higher deflections) in 

comparison with ionomer interlayers. These observations are also confirmed by other 

experimental tests in the literature [41]. In the graphs, it can be seen that increasing the height 

of the interlayer doesn't reduce the negative influence of load duration for PVB. At the same 

time, for Ionoplast there is some positive effect that slowly vanishes at a longer load duration 

than t = 1 month.  

Influence of interlayer thickness and temperature - For temperatures up to 25 °C, an increase 

in interlayer thickness, for the ionoplast model, shows a positive effect resulting in lower 

deflection (increasing the pane stiffness). However, for temperatures above 35 °C, this effect 
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diminishes, and for long-term loading, the increase of interlayer thickness brings a higher 

deflection of the pane, when comparing an ionoplast interlayer thickness of 0.89 mm with 2.28 

mm. A different trend is observed in the model with PVB (Saflex DG41) interlayers, where it 

can be seen that at lower temperatures and shorter load durations, the increased thickness of the 

interlayers does not provide any beneficial influence on the deflection. And for higher 

temperatures, it provides only an increase in deflection. The increase in thickness for a softer 

interlayer, only emphasizes the layered effect in LG structures. 

2.6. Effective thickness approaches in cases of different temperatures and 

load durations 

2.6.1. The effective thickness approach (ETA) – different methods 

The effective thickness (ET) refers to a monolithic pane with a reduced thickness, which for 

the same boundary and load conditions behaves in the same way as the observed laminated 

glass pane. Effective glass thicknesses are used for the calculation of deflection and stress due 

to different (out-of-plane and in-plane) loads according to the literature and regulations. Some 

of the expressions from the regulations are described in the first chapter where a regulations 

overview is presented, and here it will be presented in detail. This simplified calculation for 

laminated glass can be used for laminated panes exposed to static and dynamic loads. With 

dynamic loading, due to the short time interval during which the load occurs, there is no 

significant activation of the unfavourable nonlinear behaviour of the polymer interface, and the 

element behaviour is close to the monolithic glass pane with a total thickness that is equal to 

the sum of the thicknesses of the glass plies in the element. The effective thickness in this case 

is usually very close to the monolithic limit due to the high shear modulus of interlayer that 

occurs for short load durations. In the case of static loading, the influence of incomplete 

coupling (due to the deformation of the interlayer) cannot be ignored and it is emphasized with 

lower values of the shear modulus of the interlayer.  

In further text, first, the methods for ET and the differences between the approaches are 

observed. Equations for the calculation of deflection and stress are used. The presented 

expressions are proposed for beam elements, some of them with limitations in number of plies 

and type of the boundary conditions. After the description, an analytical calculation is done for 

two different temperatures (25 °C and 40 °C) and three load durations (1 min; 24 h; 1 month). 

These values are chosen because they belong to frequent design situations for structures in 
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normal conditions. The results (stress and deflection) are compared with results from numerical 

models. 

This concept was first established by Wölfel [57] for the calculation of sandwich panels with 

thick soft cores placed between stiff outer metal sheets. The first proposal for using this 

simplified method in laminated glass elements is done by Bennison and his research team [58] 

where they adopt a method proposed by Wölfel [57] for deflection and stress determination of 

layered structure. The equations from the work of Bennison and his research team [58] are 

presented in Table 2.3. (2.6.1 – 2.6.3). In the equation, a coefficient β=9.6 is used, for which in 

the work of Wölfel [57] β=12.0 is proposed for loading with force in the middle of the span and 

β=9.6 for the distributed load. 

Table 2.3. The expressions for the effective thickness approach according to Wölfel-Bennison 

ℎ𝑒𝑓,𝑤 = √ℎ1
3 + ℎ2

3 + 12 ∙ 𝛤 ∙ 𝐼𝑠
3

   (2.6.1) 

ℎ𝑒𝑓,𝜎,1 = √
ℎ𝑒𝑓,𝑤
3

ℎ1 + 2 ∙ 𝛤 ∙ ℎ𝑠,2
     (2.6.2) 

𝛤 =
1

1 + 𝛽 ∙
𝐸 ∙ 𝐼𝑠 ∙ ℎ𝑣
𝐺 ∙ ℎ𝑠

2 ∙ 𝑎2

 
(2.6.3) 

 

ℎ𝑒𝑓,𝑤 - the effective thickness for calculating the deflection of any glass 

ply in the panel (mm) 

ℎ𝑒𝑓,𝜎,𝑗 - the effective thickness for normal stress calculation of j-th glass 

ply (mm) 

ℎ𝑣- interlayer thickness 

ℎ1,2- plie thickness 

𝛤- the shear transfer coefficient defined in (2.6.3) 

𝐺 – interlayer shear modulus 

𝐸 – Young’s modulus for glass 

𝑎 - shortest bending direction - span  

𝛽 = 9.6 

𝑰𝒔 = ℎ1 ∙ ℎ𝑠,2
2 + ℎ2 ∙ ℎ𝑠,1

2 ;  𝒉𝒔,𝟏 =
ℎ𝑠∙ℎ1

ℎ1+ℎ2
;  𝒉𝒔,𝟐 =

ℎ𝑠∙ℎ2

ℎ1+ℎ2
 ;  𝒉𝒔 = 0.5 ∙ (ℎ1 + ℎ2) + ℎ𝑣 

 

The concept is further adopted in the scientific literature for laminated glass and is present in 

all draft versions of the regulations presented through the years. The regulations (some of them 

still in use and the other older versions): from 2009 prEN 13474-3 [13], design guidelines from 
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2014 [14], standard [59] from 2018, the latest standard EN 16612 [22] from 2019 and the 

unofficial draft version of the new European standard from 2021 CEN/TS 19100-2:2021 [2] 

have included simplified calculations according to effective thickness approach with different 

equations.  

Two expressions that are still in use (from the regulations) are the ones from EN 16612 [22] 

and the expressions from the draft version of regulation CEN/TS 19100-2:2021 [2]. The 

equations according to EN 16612 [22] are presented in Table 2.4., together with all the 

necessary ingredients. This approach is very similar to the Wölfel-Bennison approach, the only 

difference occurs in the determination of the shear transfer coefficient 𝛤/𝜔. The basis of both 

coefficients is the same, they provide the amount of shear transfer / coupling of plies. The 

coefficients can take values from 0 (no shear transfer) to 1 (full shear transfer). The shear 

transfer coefficient 𝛤 is determined based on geometry, boundary conditions and material 

characteristics of interlayer (shear modulus) and glass (Young’s modulus). On the other hand, 

the coefficient ω is determined based on the proposed “stiffness family” of the interlayer. The 

categorization according to stiffness family takes into account the load duration, type of load 

and interlayer characteristics as well as expected climatic conditions for element geographic 

position. This categorization is well thought out, but not defined in detail and therefore difficult 

to use. 

Table 2.4. The expressions for the effective thickness approach according to EN 16612 [22] 

ℎ𝑒𝑓,𝑤 = √∑ ℎ𝑘
3 + 12𝜔 (∑ ℎ𝑘ℎ𝑚,𝑘

2

𝑘
)

𝑘

3

   (2.6.4) 

ℎ𝑒𝑓,𝜎,𝑗 = √
ℎ𝑒𝑓,𝑤
3

ℎ𝑗 + 2𝜔ℎ𝑚,𝑗
     (2.6.5) 

 

𝜔 - the shear transfer coefficient depending on the type of interlayer that 

is used and the loading case 

ℎ𝑒𝑓,𝑤 - the effective thickness for calculating the deflection of any glass 

ply in the panel (mm) 

ℎ𝑒𝑓,𝜎,𝑗 - the effective thickness for normal stress calculation of j-th glass 

ply (mm) 

𝑡- interlayer thickness 

ℎ𝑘 and ℎ𝑗 - the thicknesses of the individual glass plies (mm) 

ℎ𝑚,𝑘 and ℎ𝑚,𝑗 - the distances of the mid-pane of the k-th or j-th glass 

plies from the mid-pane of the laminated glass (mm) 
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The expressions for the ETA from the draft version of regulation CEN/TS 19100-2:2021 [2] 

are presented in Table 2.5. The expressions from Table 2.5. are valid for the beams with 𝑛 

panels of the same thickness. The expression for beams with three plies with different 

thicknesses is also proposed in regulation. The coupling parameter 𝜂 from CEN/TS 19100-

2:2021 [2] is dependent on geometry, load type, boundary conditions and the change of shear 

modulus of the interlayer. 

 

Table 2.5. The expressions for the effective thickness approach according to CEN/TS 19100-

2:2021 [2] 

ℎ𝑒𝑓𝑓,𝑤 = √

1

𝜂
∑ ℎ𝑖

3
𝑖 + 12∑ (ℎ𝑖 ∙ 𝑑𝑖

2)𝑖
+
1 − 𝜂
∑ ℎ𝑖

3
𝑖

3  
(2.6.6) 

ℎ𝑒𝑓𝑓,𝜎,𝑖 = √

1

2 ∙ 𝜂 ∙ |𝑑𝑖|
∑ ℎ𝑖

3
𝑖 + 12∑ (ℎ𝑖 ∙ 𝑑𝑖

2)𝑖
+

ℎ𝑖
ℎ𝑒𝑓𝑓,𝑤

3

  
(2.6.7) 

𝜂 =
1

1 +
ℎ𝑖𝑛𝑡 ∙ 𝐸 ∙ 𝑛 ∙ ℎ3 ∙ (𝑛 + 1) ∙ 𝛹𝐵

12𝐺𝑖𝑛𝑡 ∙ ℎ2 + (ℎ + ℎ𝑖𝑛𝑡)2 ∙ (𝑛2 − 1)

 
(2.6.8) 

 

ℎi/ℎ - the thickness of the glass plies (mm) 

ℎ𝑖𝑛𝑡- interlayer thickness 

𝜂 - the shear forces transfer factor depending on the shear 

stiffness of the interlayer, loading, and boundary conditions 

Ψ𝐵 – boundary coefficient 

𝐺𝑖𝑛𝑡 – interlayer shear modulus 

𝐸 – Young’s modulus for glass 

𝑛 – number of plies 

 

Another approach presented by Galuppi and Royer-Carfagni [31] in 2012 is the approximation 

of the Generalized Newmark (energetic) approach - Enhanced effective-thickness (EET) 

approach, presented in Table 2.6. This approach is similar to the one from the draft version of 

the European standard [2] (Table 2.5.), and since it was developed 10 years before the draft 

version of the standard it can be concluded that it was a basis for that proposal. The equations 

are similar and the biggest difference occurs in the definition of the coupling parameter / shear 

transfer coefficient 𝜂. This coefficient describes the coupling between glass plies and it is 
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equivalent to the shear transfer coefficient Γ from [58] and the shear transfer coefficient 𝜔 from 

[22]. The shear transfer coefficient 𝜂 is defined separately for beams and plates. In this analysis, 

only the beams are observed, and the belonging parameter is determined according to 

expressions 2.6.8 [2], and expression 2.6.12 [31].  

Table 2.6. The expressions for the effective thickness approach according to Galuppi and 

Royer-Carfagni [31] 

ℎ𝑒𝑓,𝑤 =
1

√
𝜂

ℎ1
3 + ℎ2

3 + 12𝐼𝑠
+
1 − 𝜂
ℎ1
3 + ℎ2

3

3

   
(2.6.9) 

ℎ1,𝑒𝑓,𝜎 = 
1

√
2𝜂ℎ𝑠,2

ℎ1
3 + ℎ2

3 + 12𝐼𝑠
+

ℎ1
ℎ𝑒𝑓,𝑤

3

3

  
(2.6.10) 

ℎ2,𝑒𝑓,𝜎 = 
1

√
2𝜂ℎ𝑠,1

ℎ1
3 + ℎ2

3 + 12𝐼𝑠
+

ℎ2
ℎ𝑒𝑓,𝑤

3

2

    
(2.6.11) 

𝜂 =
1

1 +
𝐼1 + 𝐼2
𝜇 ∙ 𝐼𝑡𝑜𝑡

∙
𝐴1 ∙ 𝐴2
𝐴1 + 𝐴2

𝛹
 

(2.6.12) 

 

ℎ1 and ℎ2 - the thickness of the glass plies (mm) 

𝑡- interlayer thickness 

𝐼𝑠 - the “bonding inertia” (mm3) 

𝜂 - the shear forces transfer factor depending on the shear stiffness 

of the interlayer, loading, and boundary conditions 

 ℎ𝑠,1 and ℎ𝑠,2 - modified dimensions of the cross-section 

Ψ – coupling factor 

𝐺 – interlayer shear modulus 

𝐸 – Youngs modulus for glass 

𝜇 =
𝐺𝑏

𝐸𝑡
;    𝐼𝑡𝑜𝑡 = 𝐼1 + 𝐼2 + 𝐴

∗ ∙ 𝐻2;  𝐴∗ =
𝐴1 ∙ 𝐴2
𝐴1 + 𝐴2

;  𝐻 = 𝑡 +
ℎ1 + ℎ2
2

 ;   𝐼𝑠 = 
ℎ1 ∙ ℎ2
ℎ1 + ℎ2

∙ 𝐻2 

 

The coupling factor 𝛹/𝛹𝐵 should be determined according to the boundary conditions and load 

type, and for both expressions (2.6.8 and 2.6.12) it is proposed only for the most common types 

of loading and boundary conditions. The coupling factor 𝛹/𝛹𝐵 is not proposed for the case of 

four-point bending of a simply supported beam.  
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To observe a link between approach according EN 16612 [22] and the one from CEN/TS 

19100-2:2021 [2], an equal value of 𝜔 can be determined  by using a liaison between the two 

proposed expressions for effective thickness ([2] and [22]) approach defined in [2].   

𝜔𝐸𝑁 16612 =
ℎ𝑒𝑓;𝑤,𝐶𝐸𝑁/𝑇𝑆19100

3 − ∑ ℎ𝑖
3

𝑖

12∑ (ℎ𝑖 ∙ 𝑑𝑖
2)𝑖

 (2.6.13) 

 

2.6.2. The effective thickness approach – analytical calculations for different 

temperatures and load durations 

To test the accuracy of the presented methods, a stress and the deflection on the simply 

supported laminated glass pane is observed. The panes are loaded in four-point bending with 

the same geometry as the one presented in numerical tests in section 2.3. - 2.5.   

A model with dimensions of 950 mm x 330 mm composed of two 8 mm thick glass plies with 

an interlayer of 0.76 mm thickness (PVB) is tested. Glass is defined as linearly elastic material 

with a modulus of elasticity E=70 GPa, and the interlayer characteristics are taken from 

commercial manufacturers [41] as in numerical tests. The shear modulus of the interlayer is 

presented in Table 2.7 for different temperatures and load durations.  

Table 2.7. The values of shear modulus (𝐺𝑖𝑛𝑡) of PVB interlayer [41] 

Temperature /  duration 1 min 24 h 1 month 

25 °C 131 MPa 1.7 MPa 0.7 MPa 

40 °C 0.9 MPa 0.4 MPa 0.2 MPa 

 

The maximum deflections that occur due to the bending load (simulation of the four-point 

bending test) are observed first at room temperature (25 °C) and then at 40 °C. The total applied 

force on the element is 1000 N. The force is divided into two forces (𝑃 = 500𝑁) at a distance 

of 200 mm. An analytical calculation is carried out, and the used expression for the deflection 

is determined through the elastic line of the beam: 

𝑤𝑙/2 = 
1

𝐸 ∙ 𝐼𝑒𝑓
∙ [
𝑃

6
∙ (− (

𝑙

2
)
3

+ (
𝑙

2
− 𝑎)

3

)] + [
𝑃

12
∙ ((𝑙)3 − (𝑙 − 𝑎)3 − (𝑙 − 𝑏)3)]   (2.6.14) 

where, the used values (𝑃, 𝑙, 𝑎, 𝑏) are presented in Figure 2.14., and 𝐼𝑒𝑓 is the effective stiffness 

calculated by using effective thickness for each method.  pre
vie
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Figure 2.14. A scheme of the observed static system with the load for analytical calculation 

The stress at the bottom ply is determined by using the effective thickness for stress and the 

equation (2.6.15): 

𝜎 =  
𝑀

𝑊𝑒𝑓,𝜎,𝑗
=

𝑀

𝑏𝑠 ∗ ℎ𝑒𝑓,𝜎,𝑗
2

6

   
(2.6.15) 

where M is a value of the moment in the observed cross-section (in the mid-span), 𝑏𝑠 is the 

width of the cross-section, and ℎ𝑒𝑓,𝜎,𝑗 is a value of effective thickness for stress determination 

according to each of presented approaches. 

To determine the ET according to [2] and [31]  for elements exposed to four-point bending it is 

necessary to calculate the coupling factor 𝛹 for this type of boundary conditions and load shape. 

According to [31] the expression to determine the coupling factor is defined with the elastic 

line and its derivatives related to the geometry of the observed element: 

𝛹 = 
∫[𝑔′′(𝑥)]2 𝑑𝑥

∫[𝑔′(𝑥)]2 𝑑𝑥
 (2.6.16) 

 

For the presented geometry, and load in Figure 2.14. (𝑎 ≈ 0,4𝑙 𝑎𝑛𝑑 𝑏 ≈ 0,6𝑙), the expression 

for the elastic line is equal to:  

𝑔(𝑥) =  −
𝑃

6
∙ 𝑥3 +

𝑃

6
∙ (𝑥 − 0,4 ∙ 𝑙)3 +

𝑃

6
∙ (𝑥 − 0,6 ∙ 𝑙)3 +

3 ∙ 𝑃 ∙ 𝑙2

25
∙ 𝑥 (2.6.17) 

 

where P is equal to half of the total force applied on element, and l is equal to the span of the 

element. By introducing the equation 2.6.17 into 2.6.16, we obtain: 

𝛹 =  
∫ [−𝑃 ∙ 𝑥]2 + ∫ [−𝑃 ∙ 𝑥 + 𝑃 ∙ (𝑥 − 0,4 ∙ 𝑙)]2

0,6𝑙

0,4𝑙
+ ∫ [−𝑃 ∙ 𝑥 + 𝑃 ∙ (𝑥 − 0,4 ∙ 𝑙) + 𝑃 ∙ (𝑥 − 0,6 ∙ 𝑙)]2

𝑙

0,6𝑙

0,4𝑙

0

∫ [−
𝑃
2 ∙ 𝑥

2 +
3 ∙ 𝑃 ∙ 𝑙2

25 ]
2

+ ∫ [−
𝑃
2 ∙ 𝑥

2 +
𝑃
2 ∙
(𝑥 − 0,4 ∙ 𝑙)2 +

3 ∙ 𝑃 ∙ 𝑙2

25 ]
2

0,6𝑙

0,4𝑙
+ ∫ [−

𝑃
2 ∙ 𝑥

2 +
𝑃
2 ∙
(𝑥 − 0,4 ∙ 𝑙)2 +

𝑃
2 ∙ (𝑥 − 0,6 ∙ 𝑙)

2 +
3 ∙ 𝑃 ∙ 𝑙2

25 ]
2

𝑙

0,6𝑙

0,4𝑙

0

 (2.6.18) 

𝛹 = 

8 ∙ 𝑙3 ∙ 𝑃2

375
+
4 ∙ 𝑙3 ∙ 𝑃2

125
+
8 ∙ 𝑙3 ∙ 𝑃2

375
58 ∙ 𝑙5 ∙ 𝑃2

15625
+
𝑙5 ∙ 𝑃2

9375
+
58 ∙ 𝑙5 ∙ 𝑃2

15625

=
9,915014164

𝑙2
 

(2.6.19) 
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The obtained solution is almost equal to the proposal for the case of three-point bending of the 

simply supported beam which is equal to: 

𝛹 =
10

𝑙2
 

(2.6.20) 

Furthermore, in the expression from the regulation EN 16612 [22] (Table 2.4.), the coefficient 

𝜔 defines the complete transfer of shear forces for 𝜔 = 1 or no transfer of shear forces for 𝜔 = 

0. To determine the best predictability, three values of coefficient 𝜔 = 0.3; 0.5; 0.7 will be used 

in further comparisons.  

The results of the analytical calculation are shown in Figure 2.15. – 2.17., and Figure 2.19. – 

2.21. Deflections for different load durations and temperatures are determined, and for each 

case, a numerical result is presented as a referent value. It can be seen that the results according 

to EN 16612 [22] (Table 2.4.) are fixed for all cases of temperature and load durations, this is 

taken to observe the best predictability regarding three proposed values of shear transfer 

coefficient 𝜔. The accuracy of the approach according to EN 16612 [22] (Table 2.4.) is not 

satisfying for the most common values of coefficient 𝜔. In the cases of short load duration and 

room temperatures (25 °C and 1 min), the deflections are overestimated and for longer load 

durations (24 h and 1 month) the deflections are significantly underestimated which is not on 

the safety side. It can be seen that for 𝜔 = 0.5 the calculated deflection compared with 

numerical deflection for 1 min load duration is 47.35% higher for temperature 25 °C, and 

32.65% lower for temperature 40 °C. For other cases of longer load duration, almost all 

predictions are underestimated, which means that the approach predicts overestimated stiffness 

of the structure. Wölfel-Bennison [58] approach provides results similar to the Galuppi and 

Royer-Carfagni [31] approach, and the change of shear transfer coefficient 𝛤 and the shear 

transfer coefficient 𝜂 in dependence on the degradation of the shear modulus of interlayer 

ensures lower errors with slight tendency to underestimate the deflections. The calculation with 

Wölfel-Bennison [58] approach provided lower deflections than the numerical model with the 

discrepancy interval (3.5% - 9.36%) of numerical deflection. Similar to previous, the 

calculation with  Galuppi and Royer-Carfagni [31] effective thickness provided results with a 

discrepancy interval (2.31% - 8.87%) of numerical deflection, with a tendency to underestimate. 

The calculation with CEN/TS 19100-2:2021 [2] approach provides the safest results, mostly 

overestimating the deflections, but the discrepancy interval is in the case of load duration 24 h 

and room temperatures equal to 56.9% of numerical prediction, which is the highest occurred 

deviation for all predictions. The expression for effective thickness from [2] is very sensitive to 

changes in the shear modulus of interlayer, more than those from [31] and [58]. To observe the 
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change of shear transfer coefficients in dependence of shear modulus of interlayer a comparison 

curve for three values of shear transfer coefficients (with fixed geometry) is presented in Figure 

2.18. 

 

a) deflections for load duration 𝑡 = 1 𝑚𝑖𝑛 and temperature 𝑇 = 25 °C  

 

b) deflections for load duration 𝑡 = 1 𝑚𝑖𝑛 and temperature 𝑇 = 40 °C 

Figure 2.15. Deflections according to different approaches for analytical calculation 
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a) deflections for load duration 𝑡 = 24 ℎ and temperature 𝑇 = 25 °C 

 

b) deflections for load duration 𝑡 = 24 ℎ and temperature 𝑇 = 40 °C 

Figure 2.16. Deflections according to different approaches for analytical calculation 
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a) deflections for load duration 𝑡 = 1 𝑚𝑜𝑛𝑡ℎ and temperature 𝑇 = 25 °C 

 

b) deflections for load duration 𝑡 = 1 𝑚𝑜𝑛𝑡ℎ and temperature 𝑇 = 40 °C 

Figure 2.17. Deflections according to different approaches for analytical calculation pre
vie
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Figure 2.18. Comparison of shear transfer/coupling coefficients from different ETA [58] 

[31] [2] 

 

From Figure 2.18., it can be seen that the shape of the curve describing the dependence of shear 

transfer coefficients from the value of shear modulus is similar, and that the shape of coupling 

parameter 𝜂 from [2] and shear transfer coefficient 𝛤 from [31] is a perfect fit. But due to 

different equations for deflections, very similar values (of deflections) occur for the approach 

according to Wölfel-Bennison [58] and Galuppi and Royer-Carfagni [31], while the results 

from CEN/TS 19100-2:2021 [2] provide different trend.  

In Figures 2.19. – 2.21., a stress determined analytically by using different ETA is presented 

and compared with the numerical value. The stress values refer to the bottom ply, exposed to 

tensile stress that leads to fracture. Again, the three values of shear transfer coefficient 𝜔 are 

used for the calculations with equations from  EN 16612 [22], and the other values are 

calculated in dependence on the shear modulus of interlayer and geometry.  pre
vie
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a) stress value for load duration 𝑡 = 1 𝑚𝑖𝑛 and temperature 𝑇 = 25 °C  

  

b) stress value for load duration 𝑡 = 1 𝑚𝑖𝑛 and temperature 𝑇 = 40 °C 

Figure 2.19. Stress on elements according to different approaches for analytical calculation 
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a) stress value for load duration 𝑡 = 24 ℎ and temperature 𝑇 = 25 °C 

 

b) stress value for load duration 𝑡 = 24 ℎ and temperature 𝑇 = 40 °C 

Figure 2.20. Stress on elements according to different approaches for analytical calculation 
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a) stress value for load duration 𝑡 = 1 𝑚𝑜𝑛𝑡ℎ and temperature 𝑇 = 25 °C 

 

b) stress value for load duration 𝑡 = 1 𝑚𝑜𝑛𝑡ℎ and temperature 𝑇 = 40 °C 

Figure 2.21. Stress on elements according to different approaches for analytical calculation 

 

The presented stress in Figure 2.19. -2.21. show a deviation in results with a similar patterns as 

with deflections. The difference is in the value of deviation which is lower for stress prediction 
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compared with the deformations predictions, which brings the conclusion that the impact of 

load duration and temperature change is slightly lower for stress prediction than for 

deformations. It can be seen that the equations from regulation [2] are on the safety side, except 

at 1 min loading and 25 °C temperature and 1 month and 40 °C  where a lower value is predicted 

(7.9% and 1.9% of numerical stress value). The calculation according to Wölfel–Bennison and 

L. Galuppi et al. provides a lower value of stress than those from numerical models, but the 

discrepancy is mostly within the interval of 8.2% - 10.65% of numerical stress value. The shear 

transfer coefficient 𝜔 from EN 16612 [22] for load durations over 1 minute should be lower 

than the used minimal value 𝜔 = 0.3. For the expressions according to Wölfel-Bennison [58], 

Galuppi and Royer-Carfagni [31] and CEN/TS 19100-2:2021[2] the type of interlayer (PVB, 

EVA, Ionoplast, etc.) is not so important as for expressions according to EN 16612 [22]. 

Namely, in [58][31][2] just by considering the values of material characteristics and the 

geometry it is possible to determine the safety interval for the observed structure. For the 

approach according to EN 16612 [22] it is necessary to observe what type of interlayer is used, 

what is the range of modulus degradations and how that (together with the size effect) affects 

element stiffness. Only for a detailed evaluation of this information, a proper value of the shear 

transfer coefficient 𝜔 can be proposed. According to equation (2.16.13), for liaison between 

regulations [22] and [2] the equivalent value of shear transfer coefficient 𝜔 for the cases of 

shear modulus from Table 2.7. fits in the interval 𝜔𝐸𝑁 16612 = [0.04 − 0.92]. This large range 

of the interval confirms that it is not easy to observe the behaviour of laminated glass structure 

through one value of shear transfer coefficient 𝜔 for expected values of temperature and load 

duration change.  

2.7. Chapter conclusions  

In this chapter, the behaviour of laminated glass structures in stages before the fracture is 

observed. This step is important because engineers need to be familiar with all aspects that can 

bring higher stresses and deformations on the structure and accelerate the occurrence of 

breakage. Namely, the bearing capacity of laminated glass structures is highly affected by 

atmospheric conditions, load type and load duration and it is important to reconsider all the 

conditions that construction can be exposed to in its lifetime. That information is important in 

choosing the right type of interlayer as well as proper structural dimensions and boundary 

conditions. For this type of brittle structure, we tend to create a safety offset of any critical value 

that could lead to failure. For engineering purposes, we tend not to enter nonlinear behaviour, 
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at least not in glass parts because in brittle material it means to achieve failure of observed 

structure. Unlike glass, interlayers are polymers and these materials tend to enter nonlinear 

behaviour without catastrophic consequences. In laminated glass, the interlayers are mostly 

exposed to shear stress and a small amount of axial stress in ULS. Deformations in an 

unfractured state are small because the thickness of the interlayer is approximately 1 mm – 2 

mm, but those shear deformations are of crucial importance for stress development on glass 

panels because those interlayers ensure coupled behaviour.  

From the presented results several conclusions can be brought:  

Laminated glass is used in construction for various purposes, where it is almost always exposed 

to larger or smaller temperature oscillations. Glass as a material is not subject to a significant 

change in properties due to amplitudes that correspond to atmospheric temperatures, but the 

same cannot be said for the interlayers. In the range of 0 °C up to 50 °C, the interlayers show a 

significant change in mechanical characteristics, as shown in previous sections. Therefore when 

designing laminated glass elements it is important to take into account the temperature changes 

that will occur in structure. In addition to temperature, the durability and load-bearing capacity 

of interlayers also depend on ambient humidity (PVB), insolation (EVA) and load duration. In 

the calculation, these parameters are fixed at certain values to consider only the influence of 

temperature and load duration.  

The simplified expressions for analytical deflection and stress prediction with ETA are tested 

to observe their capability to predict the behaviour of LG structures exposed to different 

temperatures and load durations, typical for the construction lifetime. One representative panel 

geometry was selected, for which the bearing capacity was tested numerically so that the 

referent value was familiar. The effective thicknesses were calculated according to five 

different expressions. From the results presented, it can be seen that only European standards 

[2] provide the expressions that do not overestimate the load capacity of laminated panels for 

static loads with durations over 1 min at room temperature and high atmospheric temperature 

(40°C). Expressions according to Wölfel–Bennison and L. Galuppi et al. give results very close 

to the numerical ones but slightly overestimate the load capacity of the panel. The expression 

from the European standards [2] should be improved to lower the sensitivity amplitude and by 

that, the accuracy would be increased. However, the size of prediction amplitude from Wölfel–

Bennison and L. Galuppi et al. is good, but the value they strive for is in all cases slightly below 

the expected, they would provide more confidence if it is slightly above the expected. 
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3.1. Introduction 

Modelling behaviour of glass structures exposed to static loading until fracture (not considering 

fracture by itself), is something that for monolithic glass and laminated glass is available in 

different commercial software. One of those analyses regarding laminated glass behaviour is 

presented in the previous chapter and compared with the engineering approach for the 

calculation of the bearing capacity of laminated glass elements. The problem arises once the 

nonlinear behaviour of glass elements needs to be simulated. In the literature, several numerical 

techniques can be found for the simulation of glass fracture patterns. The methods are mostly 

used for dynamic type of loading in explicit calculations. Some of them have good graphic 

interpretation but lack of physical explanation for certain processes (such as element deletion) 

and this problem is emphasized when the static load is tested. For the simulation of glass 

fracture under static loading, there are not many options. In the next sections, a literature 

overview is presented to elaborate on the achievements in the field of numerical modelling of 

glass nonlinear behaviour. Different methods are presented with their respective advantages 

and disadvantages. Afterwards, a new approach to modelling laminated glass behaviour with a 

multiscale model is presented. The model is based on the embedded discontinuity method which 

is installed on two levels. For an introduction to the multiscale model, first, an embedded 

discontinuity method is explained and then further a beam model is described. To validate the 

accuracy of the model, a comparison with experimental tests is used and the results are 

presented. Furthermore, the extension of the multiscale model to the plate elements within the 

macro model is presented. At the end of Chapter 3, conclusions are brought and in Chapter 6 

further steps are presented.  

3.2. Numerical simulations of glass breakage and fragmentation – methods 

used in literature 

Simulating fracture and fragmentation of brittle material is one of the challenges for 

researchers in the field of numerical modelling of glass structures. Depending on the type of 

observed glass (resulting in different stress conditions in the glass panel), different types of 

breakage patterns are achieved (Figure 1.3.). Modelling those fragmentations can be 

accomplished with numerical programs based on continuum or discontinuum methods. Pelfrene 

[60] in his thesis, described and tested different numerical methods for the simulation of glass 

fracture. First, the author used the Smoothed Particle Hydrodynamics (SPH) method, a mesh 

free method that is uses particles as a representation of a continuum, in this case, bulk glass 
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fragments. The author concluded that SPH is a good option for the simulation of extreme load 

cases, such as high velocity impacts where fragments accomplish significant acceleration. 

When used at low velocity impact, a softened stiffness of the glass panel is observed. Another 

presented method in [60] is the Cohesive Zone Method/Model (CZM), a continuum method 

that enables crack propagation through elements that represent boundaries (between elements) 

with no need for an initial crack. The CZM models represent the fracture process zone as a line 

(or a surface) between elements where the cohesive traction occurs. The fracture of such 

element appears as a gradual separation in small areas of the fracture process zone (crack tip), 

guided by traction-separation law. There are two types of traction-separation laws: the extrinsic 

and the intrinsic, with differences in the behaviour before fracture. The extrinsic behaves rigidly 

before the defined fracture limit while the intrinsic behaves elastic before the defined limit. 

These models are also used for dynamic loading, and in [60] author explained that in CZM 

expected degree of fragmentation did not occur, instead element only behaved as softened. The 

intrinsic solid-shell cohesive zone model [61], and the extrinsic solid-shell cohesive zone model 

[62] are used for the simulation of fracture of windshield glazing exposed to the impact load, 

where the models show an increased computationally efficiency compared to the solid cohesive 

zone model. In another analysis [63], the extrinsic shell cohesive zone models with the 

improved contact algorithms are used to simulate the impact load on laminated glass elements, 

and a good prediction of fracture pattern and impact force occurred, matching the experimental 

results. Another method that is described in [60] is the Element Deletion Technique with a crack 

delay model that is based on the principle of decreasing element stiffness to zero for certain 

criteria. There are minor differences in approach, but the main principle is to decrease the 

stiffness of elements that reached the defined stress or strain criterion, and by graphically 

removing it the fracture pattern is created. In most cases criterion is that the element reaches 

the stress limit.  In this method, the whole element is not deleted because it would have resulted 

in mass instability, it is only excluded. The element deletion method is an often used method 

for the simulation of fracture patterns of glass elements in cases of impact loading [64][65][66] 

and blast loading [29][67], it occurs in the finite element commercial software. The biggest 

drawback of this method is mesh dependence and it makes it unfavourable for the local 

behaviour simulation. Osnes et al.  [68] presented an explicit finite element numerical model to 

simulate the fragmentation of glass panels exposed to blast loading using IMPETUS Afea 

Solver with high order elements and node splitting technique. Authors describe it as suitable 

for large deformations and extreme loading conditions. Node splitting technique activates when 
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integration point reaches fracture criterion, in this case also a stress condition. This is similar to 

the extended finite element method (X-FEM) where additional enrichment (jump) functions are 

used for describing the displacement field near the crack tips, allowing crack propagation 

independently of the mesh. This method is also used to simulate the behaviour of the laminated 

glass exposed to the impact load [69] and to simulate the crack development and propagation 

for a static load [70]. Simulation of glass and laminated glass behaviour is also conducted by 

discontinuity based methods such as the discrete element method (DEM) [71][72] and the 

combined finite discrete element method (FEM/DEM) [73][74][75]. For the DEM used in the 

simulation of glass behaviour under impact loads, a realistic fracture pattern is reported, but the 

authors notice the deviation in energy dissipation caused by parameter calibration [76]. The 

FEM/DEM has been proven to provide satisfactory results for high velocity impacts as well as 

for low velocity impacts in a comparison study between FEM, X-FEM, DEM and FEM/DEM 

[76]. Glass beam exposed to low-velocity hard body impact is used for a numerical test in [76] 

to test the accuracy of four methods (FEM, X-FEM, DEM and FEM/DEM). In FEM analysis a 

smeared model is used for simulating cracking failure with a crack threshold according to 

Rankine’s theory of maximum principal stress exceeding tensile strength. Only Mode 1 is 

considered for crack initiation but Mode 1 and Mode 2 are observed for crack propagation. For 

X-FEM a phantom nodes and linear elastic fracture mechanics (LEFM) theory with additional 

functions is used. Phantom nodes use overlapping elements to bridge discontinuity to avoid the 

introduction of additional unknowns and provide mesh independence. For this method (X-

FEM), it is reported that the results differ most in the manner of fragmentation. The DEM 

domain is discretized in a large number of elements connected with the boundaries. Those 

numerous particles act individually when force is applied producing simulations for progressive 

fracturing of brittle materials. The DEM model provided a good simulation of fracturing the 

glass beam, but the authors point out that the demanding parameter calibration makes the 

method unpredictable and creates deviations in energy dissipation. FEM/DEM is using the same 

crack initiation criteria and critical energy release as FEM and a stress-displacement curve is 

used to model Mode 1 behaviour (Fig. 3.1.). The surface under the curve presents a critical 

energy release rate described as 2γ (surface energy). In the strain-softening interval (δt - δc) the 

softening function is used to describe a decrease in bond (joints) stress. Bond stress vanishes at 

the point where the crack is initiated. The softening function is defined by the constants 

determined from the experimental results of the observed material. Shear behaviour is also 

calculated using a softening function and penalty function method. This method is reported as 
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the most accurate method for predicting the real behaviour of glass under different types of low-

velocity impact. [15] In [77] and [76] an overview of the most common numerical methods for 

predicting the behaviour of glass elements such as DEM, FEM/DEM, CZM and the element 

deletion method is presented. Another overview of techniques related to failure analysis of 

laminated glass in FEM is presented in [78]. 

 

Figure 3.1. Stress - displacement curve  from Wang et al. [76] 

When all glass plies, or few of them, are broken the post-breakage capacity of LG element 

depends on several mechanisms that occur at this state. The behaviour of fractured LG members 

is primarily guided by the mechanical behaviour of the interlayer and the adhesion of the 

interlayer and glass fragments. In this state, a detailed simulation of interlayer behaviour in a 

non-homogeny stress state with a proper simulation of the adhesion of interlayer and glass 

fragments as well as fragments size and position is necessary. There are numerous research that 

deals with the post-breakage capacity of laminated glass for in-plane loading [79][80][81], and 

for out-of-plane (bending) loading [82][83]. Other influences on post-breakage capacity 

confirmed by research are the chemical composition of interlayers and glass surfaces [84] (peel 

test and through-the-crack tensile test), strain rates and temperature [85], and boundary 

conditions [86]. A detailed overview of approaches, techniques and their advantages and 

disadvantages in modelling and testing the post-breakage capacity of LG elements exposed to 

various loads can be found in [87]. Reliable and correct simulation of the LG mechanisms for 

pre and post-breakage stages is a ubiquitous and important topic, at this current stage of 

development of glass regulations, it is important to define the appropriate calculation methods 

and those that are not. 

3.3. Embedded discontinuity method 

Simulation of the exact pattern of glass fragmentation is not always useful for designing glass 

elements. In practice, it is more important to be familiar with the strength and resistance of the 

observed structure than the number of fragments in which the structure is wasted. Guided by 

this approach, a numerical model is developed, capable of simulating the fracture behaviour of 
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laminated glass elements until the complete failure of glass plies. But, in the proposed model, 

simulation of the exact fracture pattern or the number of cracks is not in the focus. Instead, a 

mesh-independent finite element model is developed that can predict a structural failure 

threshold by using only the basic material characteristics (tensile strength, modulus of elasticity, 

poisons coefficient). Since glass failure initiation is localized, and by reaching the ultimate 

strength at the weakest point a complete fracture occurs, it is important to predict this initiative 

step that leads to fracture. Once the mechanism is triggered, the excessive softening behaviour 

occurs, without a change of modulus before fracture. To describe this phenomenon, an 

embedded discontinuity finite element method [88] [89] is used in a multiscale model for LG 

beams. The embedded discontinuity finite element method (ED-FEM) is a computationally 

efficient method that works on local and global levels. It simulates localized failure mechanisms 

by introducing a discontinuity in the deformation or displacement field for a threshold defined 

by material constitutive behaviour. The method is similar to X-FEM but computationally more 

efficient because it keeps additional unknowns at the local element level. [90] For an easier 

understanding of the method and a localization phenomenon, a simple tension test on generic 

material is illustrated in Figure 3.2. For simplification, a material that exhibits a hardening and 

softening regime is used. The Figure 3.2. can be observed through three columns, where the 

first presents the element loaded in tension with belonging strain diagrams, and the second two 

columns present the stress-strain diagrams of the bulk of the element and the position where an 

imperfection in material occurs, respectively. The three stages of loading are presented in three 

rows. With imposing force or a displacement to one end of the element, first a uniform stress 

and strain represented in Figure 1a) is obtained. The element strain, in this stage, is 

homogenously distributed along the element. By further increasing stress the element reaches 

the point where the weakest part (an imperfection in material) enters an inelastic behaviour 

(Figure 3.2. b)). At this stage, the imperfection is activated which results in a slight increase of 

strain in a small area (휀2) developing the heterogeneity in the strain field along the element. In 

the area of increased strain the inelastic deformation occurs, higher than those in the bulk of the 

material (columns two and three in Fig 3.2.b)). If the load is further increased, the specimen 

enters stage three where a necking appears caused by the increase of a localized strain field 

shown in Figure 3.2.c). The localization phenomenon usually occurs in the weakest part of the 

element (material) and further leads to increasing strain in only one part of the element while 

the strain on the rest of the element decreases (see stress-strain diagrams in stage three Figure 

3.2.c)). 
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Figure 3.2. Graphical representation of stages for localization development in a simple 

tension test [23] 

The embedded discontinuity method with an additional kinematics enhancement in terms of a 

displacement jump (or strong discontinuity) is used to describe this localization phenomenon. 

For strong discontinuity, the jump in the displacement field can appear in the axial or transversal 

displacement field [91][92] or in the rotation field [93]. In finite element implementation [94], 

the jump is introduced as an additional degree of freedom added at the Gauss point on the finite 

element. This requires solving extra equations to define the energy dissipation in the softening 

process. [23] The jump in a displacement field is not an explicit model of crack propagation on 

the element level, but rather a crack simulated inside the element strain and displacement field 

for reaching certain criteria, and its contribution manifests through the work of inner variables 

that cause energy dissipation. Depending on how the behaviour of inner variables connected 

with energy dissipation is defined, in this manner, a plastic or damage type of dissipation can 

be simulated. All this approach is based on a thermodynamics framework with two levels of 

calculation so called “operator split computational method”. A further detailed description of 

all mechanisms is in the next few sections. 

3.4. Multiscale model with embedded discontinuity 

The multiscale approach is composed of two models, a fine-scale multilayer and a coarse-scale 

macro model, based on [89]. A fine-scale multilayer model is used to define the constitutive 
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law parameters (of true layered cross-section) for the beam elements in the macro model. These 

models can be considered as material modelling tools combined with structure modelling tools. 

With a combination of two models, a full simulation of laminated beam behaviour is 

accomplished. The proposed models (micro and macro) are discretized and built with using the 

embedded discontinuity finite element method with an operator split computations. The model 

can represent pre-breakage and breakage phases of laminated glass structures exposed to 

bending load.  

In further sections, first, a fine-scale multilayer model is presented and described in detail and 

further a coarse-scale macro mode is described. Afterward, a connection between the two 

models is presented, and a mesh and a layer dependence test as well as numerical examples 

compared with experimental results. 

3.5. Mathematical formulations of fine-scale multilayer model 

This section describes the mathematical formulation of the fine-scale multilayer model and it 

is divided into three parts: kinematics, constitutive law and equilibrium. This model is a base 

for defining the constitutive material law for elements in the macro-scale model. 

3.5.1. Kinematic equations for fine-scale multilayer model 

The fine-scale multilayer model is based on the Timoshenko beam element with a realistic 

cross-section of an LG beam. The cross-section is composed of 𝑛𝑑 parts which represent glass 

plies and interlayers. Each of those parts is further divided into 𝑛𝑙𝑎𝑦 layers that have a uniform 

displacement 𝑢𝑖(𝑥, 𝑦𝑖) through the thickness of 𝑖-th layer, defined as the displacement 

computed in the middle axis of the observed layer. As each layer has assigned displacement, in 

the case of bending these values differ through the height of the cross-section. For describing 

the nonlinear behaviour of each layer an embedded discontinuity approach is used. To simulate 

the material failure of each layer a corresponding displacement jump is introduced once the 

defined limit is exceeded. For clarification, the LG cantilever beam with imposed rotation is 

observed consisting of two glass plies and an interlayer in the middle, see Figure 3.3. Since the 

cross-section is a three-part cross-section 𝑛𝑑 = 3, each of these parts is divided into layers 

defined with the distance 𝑦𝑖 from the element neutral axis. The sum of these layers forms this 

cross-section with dimensions 𝑏/ℎ. The layers are defined as truss bar elements with the 

assigned embedded axial discontinuity that can appear in the middle of the element. The 

appearance of the discontinuity is guided by constitutive law. Finally, the model consists of 

beam elements that are a composition of many layers through the height which as a whole 
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behave as the Timoshenko beam. The length of the fine-scale multilayer beam element is equal 

to the length of the element in the macro model, to simplify the scale transition. In this manner, 

the scale transition is reduced to defining the macroscale constitutive model. The model used 

for the definition of macroscale constitutive behaviour is a simple cantilever beam with imposed 

displacement. 

 

 

Figure 3.3. Schematic representation of the element from the fine-scale multilayer model 

[23] 

As already mentioned the element in the fine-scale multilayer model is a Timoshenko beam for 

which the generalized strains are equal:  

휀(𝑥) =
𝑑𝑢(𝑥)

𝑑𝑥
;   𝛾(𝑥) =

𝑑𝑣(𝑥)

𝑑𝑥
− 𝜃(𝑥);   𝜅(𝑥) =

𝑑𝜃(𝑥)

𝑑𝑥
 (3.5.1) 

 

to determine stress in each layer, it is necessary to calculate strain, while to determine strain, 

the displacements are first defined [𝑢, 𝑣, 𝜃]. The axial displacement of each layer, before 

fracture, can be described as: 

𝑢𝑖(𝑥, 𝑦𝑖) = 𝑢(𝑥) − 𝑦𝑖𝜃(𝑥);     𝑖 = 1, …𝑛𝑙𝑎𝑦 (3.5.2) 

 

In equation (3.5.2) 𝑦𝑖 presents the distance of the beam neutral axis from the center of the 𝑖-th 

layer, and 𝜃(𝑥) is a rotation of the beam cross-section. As layers are modelled as a truss bar 

element only, the axial displacement field variation occurs. A model enhancement in the form 

of strong discontinuities is introduced once layers reach the given limits. This enhancement 

represents the localized failure mechanisms in the glass layers. The discontinuity is placed at a 

Gauss point 𝑥𝑐 on the layer and it is treated as an additional degree of freedom. The enhanced 

displacement field �̃�𝑖(𝑥, 𝑦𝑖) for layers with strong discontinuities is thus written as: 
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�̃�𝑖(𝑥, 𝑦𝑖) = 𝑢𝑖(𝑥, 𝑦𝑖) + 𝛼𝑢
𝑖𝐻𝑥𝑐 (3.5.3) 

where 𝑢𝑖(𝑥, 𝑦𝑖) is a regular part of the displacement of the observed layer 𝑖, the 𝛼𝑢
𝑖 is the 

discontinuity variable defined as the axial displacement jump introduced at each layer where 

defined limit is exceeded, and 𝐻𝑥𝑐 is the Heaviside function with jump in 𝑥 = 𝑥𝑐 defined as: 

𝐻𝑥𝑐(𝑥) = {
1,   𝑥 ≥ 𝑥𝑐

0,    𝑥 < 𝑥𝑐
 (3.5.4) 

By rewriting the kinematics, the enhanced axial displacement field for the 𝑖-th layer can be 

written as: 

�̃�𝑖(𝑥, 𝑦𝑖) = 𝑢(𝑥) − 𝑦𝑖𝜃(𝑥)⏟        
𝑢𝑖(𝑥,𝑦𝑖)

+ 𝛼𝑢
𝑖𝐻𝑥𝑐 (3.5.5) 

where 𝑢(𝑥) is the axial displacement of the beam at the neutral axis, 𝜃(𝑥) is the beam cross-

section rotation, and 𝛼𝑢
𝑖 is the displacement jump in the axial direction. The enhanced layer 

with all degrees of freedom is presented in Figure 3.4. To eliminate the influence of 

discontinuity outside the layer (and element) boundary (local level), the function 𝜑(𝑥) is 

introduced and the previous expression (3.3.5) can be rewritten as: 

�̀�𝑖(𝑥, 𝑦𝑖) = (𝑢𝑖(𝑥, 𝑦𝑖) + 𝛼𝑢
𝑖𝜑(𝑥))⏟              

𝑢𝑖(𝑥,𝑦𝑖)

+ 𝛼𝑢
𝑖  (𝐻𝑥𝑐 −  𝜑(𝑥))⏟        

𝑀(𝑥)

 
(3.5.6) 

where 𝜑(𝑥) is introduced to cancel the contribution of displacement jump 𝛼𝑢
𝑖 at the boundary 

of the layer (element) domain. By choosing the function 𝜑(𝑥) to be equal negative value of 

shape function -𝑁2(𝑥), a new function 𝑀(𝑥) is created, see Figure 3.5. Equation (3.5.6) can be 

rewritten in the form: 

�̀�𝑖(𝑥, 𝑦𝑖) = �̅�𝑖(𝑥, 𝑦𝑖) + 𝛼𝑢
𝑖𝑀(𝑥) (3.5.7) 

where 𝑀(𝑥)  is a new function defined as: 

𝑀(𝑥) = 𝐻(𝑥) − 𝑁2(𝑥) (3.5.8) 

𝜑(𝑥) = −𝑁2(𝑥);   𝑁1(x) = 1 −
𝑥

𝑙𝑒
;  𝑁2(x) =

𝑥

𝑙𝑒
;  (3.5.9) 

𝑀(𝑥) = {
−
𝑥

𝑙𝑒
,   𝑥 < 𝑥𝑐

1 −
𝑥

𝑙𝑒
,    𝑥 > 𝑥𝑐

 (3.5.10) 

and the 𝑁1(𝑥) and 𝑁2(𝑥) are the shape functions, see Figure 3.5. 

This approach enables handling the discontinuity at the local level with no need for an 

additional degree of freedom introduced in the global phase. [94] 
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Figure 3.4. Schematic representation of one layer with all degrees of freedom and 

discontinuity in the middle [23] 

 

At the local level, the discontinuity in the layer’s displacement field brings the singularity 

further in the strain field. The equation for layer strain field 휀𝑖(𝑥) can be additively decomposed 

into: 

휀𝑖(𝑥) = 휀𝑖(�̅�𝑖)(𝑥) + 𝛼𝑢
𝑖�̂�(𝑥) + 𝛼𝑢

𝑖𝛿𝑥𝑐
𝑖 (𝑥) (3.5.11) 

 

Where �̂�(𝑥) is the function created by derivation of the function 𝜑(𝑥) = −𝑁2(𝑥): 

𝑑𝜑(𝑥)

𝑑𝑥
= �̂� = (−

1

𝑙𝑒
) (3.5.12) 

 

The dissipation in the form of Dirac delta function 𝛿𝑥𝑐
𝑖 (𝑥) appears only at the point 𝑥 = 𝑥𝑐 and 

in the rest of layer the only unloading occurs. The complete expression for axial strain in layer 

𝑖 can be written as:  

{
 
 

 
 휀𝑖(𝑥) =

𝑑�̀�𝑖

𝑑𝑥
=
𝑢𝑖(𝑥, 𝑦𝑖)

𝑙𝑒
+ (−

1

𝑙𝑒
) 𝛼𝑢

𝑖

⏟              
�̃�𝑖

+ 𝛼𝑢
𝑖𝛿𝑥𝑐
𝑖 (𝑥)                       𝑥 = 𝑥𝑐

휀𝑖(𝑥) = 휀̃𝑖(𝑥) =
𝑑�̀�𝑖

𝑑𝑥
=
𝑢𝑖(𝑥, 𝑦𝑖)

𝑙𝑒
+ (−

1

𝑙𝑒
) 𝛼𝑢

𝑖                                𝑥 ≠ 𝑥𝑐

 (3.5.13) 

휀̃𝑖(𝑥) denotes the regular part of the strain field and the axial displacement jump 𝛼𝑢
𝑖 multiplied 

with the Dirac delta function 𝛿𝑥𝑐
𝑖 (𝑥) represents the singular part of the strain. For the appearance 

of the axial displacement jump 𝛼𝑢
𝑖, in one point of the layer a dissipation occurs, and in the rest 

unloading occurs, represented with the second member in the equation. A schematic 
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representation of equation (3.5.13) is presented in Figure 3.6., where (1) is the graphical 

representation of the first member from both lines of equation (3.5.13) representing a classical 

strain on the element. The area labelled with (2) in Figure 3.6. represents the second member 

from both lines of equation (3.5.13) accounting for unloading (relaxation) due to discontinuity 

appearance. The dissipation appears only in point x = 𝑥𝑐, this is defined by strain multiplied 

with the Dirac delta function. Figure 3.6. is equivalent to Figure 3.2. which represents 

localization at the element. The only difference (if we compare the strains graph in Figure 3.2. 

c) and the one in Figure 3.6.) is in the size and representation of the softening zone (the width 

of the area 휀2, 휀4). Namely, the issues regarding the size of the localization zone (휀4) are avoided 

here by contracting it to a single point (x = 𝑥𝑐) where a localized dissipative mechanism occurs.  

 

Figure 3.5 Schematic representation of base functions, Heaviside function and the 

construction of interpolation function for layers [23] 

 

Strain field 휀̃𝑖(𝑥) on the layer (the regular part) is obtained from the layer’s regular 

displacements in the axial direction 𝑢𝑖(𝑥, 𝑦𝑖) and the belonging displacement jump if it occurs.  

휀̃𝑖(𝑢𝑖 , 𝛼𝑢
𝑖) = ∑𝐵𝑎𝑢

𝑖(𝑥𝑎, 𝑦
𝑖)

2

𝑎=1

+ (−
1

𝑙𝑒,𝑖
) 𝛼𝑢

𝑖 (3.5.14) 
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Further, the stress at each layer can be determined incrementally: 

∆𝜎𝑖(𝑢𝑖, 𝛼𝑢
𝑖) = 𝐶∆휀̃𝑖(𝑢𝑖, 𝛼𝑢

𝑖) = 𝐶 [∑𝐵𝑎∆𝑢
𝑖(𝑥𝑎, 𝑦

𝑖)

2

𝑎=1

+ (−
1

𝑙𝑒,𝑖
) ∆𝛼𝑢

𝑖] (3.5.15) 

where 𝐵𝑎 represents the derivative of the shape functions 𝑁𝑎, defined as:  

𝐵𝑎 =
𝑑𝑁𝑎
𝑑𝑥

=
(−1)𝑎

𝑙𝑒
 (3.5.16) 

 

Figure 3.6 Schematic representation of strain field in one layer 

 

3.5.2. Constitutive laws for glass and polymer in fine-scale multilayer model 

The constitutive model for the fine-scale multilayer model is a one-dimensional format, see 

[94]. It is defined independently for glass and polymer, by using their basic mechanical 

characteristics (elastic modulus and axial strength). Constitutive models are constructed in the 

framework of the thermodynamics of continuous media (e.g., see [94]).  

Glass layer behaviour is defined as the linear-elastic regime with the direct transition to a 

softening regime for tension loading and the linear-elastic regime with hardening and softening 

behaviour for compression loading. The behaviour of the interlayer layers is defined only for 

tension as a linear-elastic behaviour with a transition to plastic hardening. The softening 

(failure) mechanism for glass is described with softening laws triggered by either the tensile or 

the compressive load. A corresponding internal variable (e.g., inelastic strain, displacement 

discontinuity) appears for each behaviour phase to simulate dissipative processes in materials. 

The stress in nonlinear behaviour for each layer is determined incrementally from the 

constitutive laws. Since glass has significantly lower ultimate strength in tension than in 

compression, the nonlinear behaviour is mostly triggered by tension. Two models of the one-

dimensional response of glass layers, one for tension and the other for compression are 

presented in Figure 3.7.  
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To define the different stages of the behaviour, a threshold functions are introduced: 

𝛷(𝜎𝑖,  𝑞) = |𝜎| − (𝜎𝑖 − 𝑞𝑖) ≤ 0 (3.5.17) 

In equation (3.5.17)  𝜎𝑖 is the stress limit defined for each stage and 𝑞𝑖 is the stress-like variable 

that controls the internal variable evolution (in hardening or softening). To define an inelastic 

behaviour of glass, loaded in tension or in compression, different threshold functions are 

introduced with corresponding material parameters presented in Table 3.1. 

Table 3.1. Different inputs for threshold function and stress-strain diagram from Figure 3.7. 

i = 2: tension-softening phase 𝜎2,𝑡 = 𝑓𝑢,𝑡  ; �̿�2,𝑡 = −𝐾2̿̿ ̿,𝑡 𝜉2,𝑡
̿̿ ̿̿  

i = 1: compression-hardening phase 𝜎1,𝑐 = 𝑓𝑐,𝑐 ; �̅�1,𝑐 = �̅�1,𝑐 𝜉1̅,𝑐 

i = 2: compression-softening phase 𝜎2,𝑐 = 𝑓𝑢,𝑐  ; �̿�2,𝑐 = −𝐾2̿̿ ̿,𝑐 
𝜉2,𝑐̿̿ ̿̿  

 

The hardening modulus in compression is defined as �̅�1(�̅�1,𝑐 ) and the belonging hardening 

variables are 𝜉1̅(𝜉1̅,𝑐). While �̿�2(�̿�2,𝑡; �̿�2,𝑐) are softening moduli and 𝜉2̿(𝜉2̿,𝑡; 𝜉2̿,𝑐) are the 

belonging softening variables for tension and compression, respectably. For the first response 

phase where stress is under defined limit 𝜎𝑖 < 𝑓𝑙𝑖𝑚𝑖𝑡 (𝑓𝑢,𝑡 ;  𝑓𝑢,𝑐 ), the model behaves linear 

elastic, and the threshold function is 𝛷(𝜎𝑖,  𝑞) < 0. This case implies no change in internal 

variables. 

The hardening behaviour occurs only for glass in compression loading and during that phase, 

diffuse dissipative mechanisms in the material will remain active as long as the threshold 

function is equal to zero. 

�̅�𝑖(𝜎1
𝑖,  �̅�𝑖) ≔ |𝜎𝑖| − (𝜎1,𝑐 − �̅�

𝑖) = 0 (3.5.18) 

As equation (3.5.18) is verified, the evolution of hardening variables in layer 𝑖 occurs, implying 

that a micro-damage occurs inside the fracture process zone. The stress-like hardening variable 

�̅�𝑖 is defined in (3.5.19). 

q̅𝑖 = −�̅�1 𝜉
̅𝑖 (3.5.19) 

In the hardening phase, the stress-like hardening numerical variable (�̅�𝑖) describes linear 

hardening of the material. It is defined as strain-like hardening variable 𝜉̅𝑖 (with an initial value 
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equal to zero) multiplied with �̅�1, the hardening modulus. The unloading from the hardening 

phase is linear and parallel with the loading line retaining the permanent deformation. 

 

Figure 3.7 A stress-strain diagrams for glass constitutive behaviour in fine-scale model [23] 

 

As already mentioned, the glass material does not exhibit significant permanent deformation 

before fracture (only the crushing appears in compression), this hardening transition is of 

minimal size, see Figure 3.7.   

Furthermore, once the threshold function defining the ultimate limit reaches a zero value, the 

element enters a softening regime (either in tensile load or compression loading): 

�̿�𝑖(𝑡𝑖 , �̿�2
𝑖
) ≔ |𝑡𝑖| − (𝜎2,𝑡 − �̿�2

𝑖
) = 0 (3.5.20) 

 

In the softening phase, heterogeneous strain fields appear, guided by the occurrence of 

displacement discontinuity. The softening law is used to describe localized dissipation. The 

occurrence of displacement discontinuity presents a reduction in the load capacity of the 

observed layer. Here, a driving force of displacement at the point of discontinuity is the traction, 

which is equal to the bulk stress. This enables the local equilibrium inside the layer. By 

increasing displacement jump (𝛼𝑢
𝑖), the driving traction at discontinuity and the bulk stress in 

the layer are both decreasing, see Figure 3.7. The displacement jump (𝛼𝑢
𝑖) represents localized 

inelastic deformation in softening behaviour. From this phase, the elastic reloading follows the 

unloading curve, with decreasing strain and decreasing stress, and leaves the internal variable 

unchanged.  
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The stress-like softening variable q̿2
𝑖
 which modifies the softening threshold is defined as: 

�̿�2
𝑖
= −�̿�2,𝑡 𝜉

̿𝑖 (3.5.21) 

In the softening phase, a rigid inelastic behaviour occurs and a parameter 𝛼𝑢
𝑖 is equal to the 

inelastic strain. The evolution of 𝛼𝑢
𝑖 can be described as: 

𝛼𝑢
𝑖 = �̇̿�

𝜕�̿�𝑖

𝜕𝜎
= �̇̿�𝑠𝑖𝑔𝑛(𝜎) (3.5.22) 

The multiplier �̇̿� is defined as equal to a strain-like inner variable: 

𝜉̿�̇� = �̇̿�
𝜕�̿�𝑖

𝜕�̿�2
𝑖
= �̇̿� (3.5.23) 

In the softening phase stress reduction can be described as traction and bulk stress: 

𝑡𝑖,𝑡𝑟𝑖𝑎𝑙 +∫ �̂�𝑖𝜎𝑖𝑑𝑥
𝑙𝑒

0

= 0 (3.5.24) 

 

3.5.3. Equilibrium equations for fine-scale multilayer model 

The basic form of equilibrium of a structure can be described in a weak form, using the virtual 

work principle: 

𝐺𝑖𝑛𝑡,𝑏𝑒𝑎𝑚 − 𝐺𝑒𝑥𝑡,𝑏𝑒𝑎𝑚 = 0 (3.5.25) 

The virtual work of external forces 𝐺𝑒𝑥𝑡,𝑏𝑒𝑎𝑚 is equal to the product of the vector of virtual 

nodal displacements (𝒅∗(𝑏𝑒𝑎𝑚)) and the vector of the external forces (𝒇𝑒𝑥𝑡,𝑏𝑒𝑎𝑚).  

𝐺𝑒𝑥𝑡,𝑏𝑒𝑎𝑚 = 𝒅∗(𝑏𝑒𝑎𝑚)
𝑇
𝒇𝑒𝑥𝑡,𝑏𝑒𝑎𝑚 = ∑ 𝑑𝑗

∗(𝑏𝑒𝑎𝑚)𝑓𝑗
𝑒𝑥𝑡,𝑏𝑒𝑎𝑚

𝑛𝐷𝑂𝐹

𝑗=1

 (3.5.26) 

The virtual work of internal forces 𝐺𝑖𝑛𝑡,𝑏𝑒𝑎𝑚 is computed trough assembling contributions from 

all finite elements.  

𝐺𝑖𝑛𝑡,𝑏𝑒𝑎𝑚 =∑𝐺𝑒,𝑖𝑛𝑡
𝑛𝐸𝐿

𝑒=1

 (3.5.27) 

 

The internal virtual is first computed for each element, by multiplying the components of the 

virtual strain field and the stress field and summing the product over the volume of the element 

(summing over the layers): pre
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𝐺𝑒,𝑖𝑛𝑡 = ∫ (휀∗𝜎 + 𝛾∗𝜏)𝑑𝑉
𝑉𝑒

=∬ (휀∗𝜎 + 𝛾∗𝜏)𝑑𝐴𝑑𝑥
𝑙𝑒,𝐴

= ∫ ∑(휀𝑖
∗
𝜎𝑖 + 𝛾∗𝜏𝑖)

𝑖

𝐴𝑖𝑑𝑥
𝑙𝑒

 

(3.5.28) 

Hence, the virtual strains are equal: 

휀𝑖
∗
= 𝑩𝒖∗ − 𝑦𝑖𝑩𝜽∗ + �̂�𝑖𝛼𝑢

𝑖∗;        𝛾∗ = 𝑩𝒗∗ + 𝑩∗𝜽∗ (3.5.29) 

where 𝒖∗ = [𝑢1
∗, 𝑢2

∗]𝑇, 𝒗∗ = [𝑣1
∗, 𝑣2

∗]𝑇,  and 𝜽∗ = [𝜃1
∗, 𝜃2

∗]𝑇 are the virtual displacements 

(axial and transversal), and rotation respectively. The derivatives of the interpolation functions 

are 𝑩 = [𝐵1, 𝐵2], and 𝑩∗ = [−
1

2
, −

1

2
].  

After introducing equations (3.5.26) and (3.5.28) in equilibrium equation (3.5.25), we obtain 

two equations: 

𝒇𝑖𝑛𝑡,𝑏𝑒𝑎𝑚 − 𝒇𝑒𝑥𝑡,𝑏𝑒𝑎𝑚 = 0 (3.5.30) 

ℎ𝑒,𝑖 = ∫ �̂�𝑖𝜎𝑖
𝑙𝑒

0

𝐴𝑖𝑑𝑥 (3.5.31) 

The last equation is additional equation of virtual work that needs to be solved only for layers 

with discontinuity. We can obtain: 

t𝑖,𝑡𝑟𝑖𝑎𝑙 = −∫ �̂�𝑖𝜎𝑖𝐴𝑖𝑑𝑥
𝑙𝑒

0

 (3.5.32) 

Φ̿𝑛+1
𝑖,𝑡𝑟𝑖𝑎𝑙

= |t𝑛+1
𝑖,𝑡𝑟𝑖𝑎𝑙| − (σ2,t − q̿2,𝑛

𝑖
) (3.5.33) 

�̿�𝑛+1
𝑖
=
Φ̿𝑛+1

𝑖,𝑡𝑟𝑖𝑎𝑙

𝐸
𝑙𝑒
+ �̿�2,𝑡 

 (3.5.34) 

q̿2,𝑛+1
𝑖
− q̿2,𝑛

𝑖
= −�̿�2,𝑡 ∙ �̿�𝑛+1

𝑖
 (3.5.35) 

t𝑛+1
𝑖 = t𝑛+1

𝑖,𝑡𝑟𝑖𝑎𝑙 −
𝐸

𝑙𝑒
∙ �̿�𝑛+1

𝑖
∙ 𝑠𝑖𝑛𝑔(t𝑛+1

𝑖) (3.5.36) 

 

3.6. Mathematical formulations of the coarse-scale macro model with beam 

elements 

In this section, a geometrical and material representation of a coarse-scale macro model will be 

presented. The elements in this model are defined with a monolithic cross-section with material 

model parameters defined from a previously described fine-scale multilayer model. Since both 
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models use an embedded discontinuity approach, some of the already presented peculiarities 

will be slightly shortened here or recalled on previous equations. 

3.6.1. Kinematic equations for coarse-scale macro model (macro model 1) 

By gathering the solution from the fine-scale multilayer model, we define a moment-rotation 

curve which serves as a constitutive law for the coarse-scale macro model. The macro model 

consists of a homogenized monolithic cross-section. The elements in the macro model are also 

the Timoshenko beams with two nodes and three degrees of freedom per node. Each element 

has enhancement in the rotation field (similar to axial enhancement in layers from the micro 

model) defined as embedded rotation discontinuity, see Figure 3.8. 

 

Figure 3.8 Schematic representation of beam element with seven degrees of freedom in the 

macro model [23] 

 

By using a macro coarse-scale model an enhancement in computation efficiency is achieved, 

concerning the option to model the entire construction within a micro model. To simulate the 

development of a localized failure mechanism in the macro coarse-scale model, a discontinuity 

in the rotation field 𝜃(𝑥) is adopted. The discontinuity is placed at the Gauss point on the beam 

neutral axis, at 𝑥 = 𝑥𝑐. Hence, the rotation field of the element is composed of the sum of 

regular and singular parts: 

�̃�(𝑥) = 𝜃(𝑥)  + 𝛼 ∙ 𝐻𝑥𝑐 (3.6.1) 

 

The first part in the equation (3.6.1) is the regular part of rotational displacement, and the second 

singular part consists of rotational jump 𝛼 multiplied by the Heaviside function, defined in 

(3.5.4). 
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The embedded strong discontinuity in the rotation field will appear if the carrying capacity of 

the beam is reached. The capacity is defined in terms of the ultimate moment derived from a 

fine-scale multilayer model. In the rotation field, the discontinuity represents a hinge that occurs 

at the point 𝑥 = 𝑥𝑐.   

Axial and transversal displacements of the element are observed in the middle axis of the beam 

and those are interpolated with linear interpolation functions N(x), defined as: 

𝑢(𝑥) = 𝑁1(𝑥)𝑢1 + 𝑁2(𝑥)𝑢2 = 𝑵𝒖 

𝑣(𝑥) = 𝑁1(𝑥)𝑣1 + 𝑁2(𝑥)𝑣2 = 𝑵𝒗 
(3.6.2) 

The interpolation functions are defined as linear functions: 

𝑵(𝑥) = {𝑁1, 𝑁2} = {1 −
𝑥

𝑙𝑒
,
𝑥

𝑙𝑒
} (3.6.3) 

By using the incompatible mode method [94], no additional degrees of freedom are transferred 

to the global phase, the discontinuity is kept at the local phase of computation. The discontinuity 

in the rotation field implies the corresponding singularity in the strain field. The strain field 

𝜅(𝑥) can be additively decomposed into regular and singular parts: 

𝜅(𝑥) = κ̂(𝑥) + 𝛼 ∙ 𝛿𝑥𝑐(𝑥) (3.6.4) 

 

The equation (3.6.4) can be further rewritten in terms of embedded discontinuity: 

𝜅(𝑥) = κ̃(𝑥) + 𝛼 ∙ �̂�(𝑥) + 𝛼 ∙ 𝛿𝑥𝑐(𝑥) (3.6.5) 

where �̂�(𝑥) is defined in (3.5.12) as the derivation of part of function 𝑀(𝑥) that comes from 

introduced additional function 𝜑(𝑥) that cancels the influence of the discontinuity outside 

element (see equations,  (3.5.8) – (3.5.12)). The deformations on the rest of the element can be 

written as: 

휀(𝑥) =
𝜕𝑢

𝜕𝑥
= 𝑩𝒖 

𝛾(𝑥) =
𝜕𝑣

𝜕𝑥
−  𝜃 = 𝑩𝒗 + 𝑩∗𝜽 

𝜅(x) = 𝑩𝜽 + �̂�𝛼 

(3.6.6) 

Where  𝑩 are derivatives of interpolation functions: 

𝑩 = {−
1

𝑙𝑒
,
1

𝑙𝑒
} ;  𝑩∗ = {−

1

2
,− 

1

2
} ;  (3.6.7) 
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3.6.2. Constitutive laws for the macro model elements 

The constitutive law for the macro model is developed in the thermodynamics framework. For 

the axial and shear directions, the beam behaviour is assumed elastic. The nonlinear behaviour 

and dissipation are related only to the bending. Hence, the localization results in a hinge that is 

placed at a Gauss point 𝑥 = 𝑥𝑐. The physical interpretation of the hinge in the monolithic cross-

section of the macro scale model defines the hinge as a part of the beam where the glass plies 

reach ultimate fracture strength, and the structure is held only by the interlayer, see Figure 3.9. 

The interlayer in the hinge enables axial connection but allows rotation. In further mathematical 

formulation, the hinge is observed as a plastic hinge. The choice of a plastic hinge for simulating 

laminated glass structure behaviour might seem strange at first, however, the fracture of glass 

parts of laminated glass beam together with possible interlocking phenomena [16] leads to 

behaviour that can be well described with a plastic hinge – providing no force resistance to 

beam rotation once passing the threshold. [95] [23] 

 

Figure 3.9. Representation of the process of hinges formation in laminated glass member 

 

The threshold function is defined with ultimate bending moments, derived from the microscale 

model: 

𝛷(𝑀,  𝑞) = |𝑀| − (𝑀𝑛 − 𝑞) ≤ 0  (3.6.8) 

In equation (3.6.8) 𝑞 is the stress-like variable that controls the evolution of the plasticity 

threshold, it depends linearly on the inner (bending) strain variable (𝜉), and 𝑀𝑛 is the moment 

corresponding to the limits of each regime (defined from the microscale mode curve). 

Constitutive behaviour consists of a linear part, a small hardening transition, and a linear 

softening part. The procedure for the determination of constitutive limits and factors, through 

the representative beam element, is presented further in the chapter. By using the second 

principle of thermodynamics for the elastic process, the state equations for the linear hardening 

part are determined:  
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𝑀 = 𝐸𝐼(𝜅𝑡𝑜𝑡 − 𝜅𝑝𝑙) = 𝐸𝐼𝜅𝑒𝑙  (3.6.9) 

𝑞 = −𝐾𝜉 (3.6.10) 

In equation (3.6.10) the 𝐾 is the modulus derived from the fine-scale multilayer model, and 𝜉 

is strain variable. By using the principle of maximum dissipation, the evolution law and 

constitutive equations are derived as: 

�̇�𝑝𝑙 = �̇�
𝜕𝛷

𝜕𝑀
= �̇�𝑠𝑖𝑔𝑛(𝑀) (3.6.11) 

�̇� = �̇�
𝜕𝛷

𝜕𝑞
= �̇� (3.6.12) 

Depending on the current value of the plastic multiplier (�̇�), a plastic loading or elastic 

unloading appears which allows defining the bending rate equation: 

�̇� = {
𝐸𝐼�̇�                �̇� = 0
𝐸𝐼𝐾

𝐸𝐼 + 𝐾
�̇�       �̇� > 0 

 (3.6.13) 

The loading/unloading conditions define the plastic admissibility of bending moments: 

�̇�𝛷 = 0;    �̇� ≥ 0, 𝛷 ≤ 0  (3.6.14) 

The dissipation defined according the second principle of thermodynamics will be zero [23]: 

0 ≤ 𝐷𝑝𝑙 = 𝑀�̇� −
𝑑

𝑑𝑡
𝜓(𝜅𝑒𝑙, 𝜉) 

= 𝑀�̇�𝑝𝑙 + 𝑞�̇� = 𝑀𝑦�̇� 

(3.6.15) 

The first activation of dissipative mechanisms, triggered by zero value of threshold function, is 

when element briefly enters the hardening behaviour in the bulk. 

�̅�𝑦(𝑀,  �̅�𝑦) ≔ |𝑀| − (𝑀𝑦 − �̅�𝑦) = 0 (3.6.16) 

The hardening evolution is again controlled by a stress-like variable, is equal to: 

�̅�𝑦 = −�̅�1𝜉 ̅ (3.6.17) 

where 𝜉̅ is the equivalent variable to the bending strain. Furthermore, the second dissipative 

mechanism is triggered again by the zero value of the threshold function that represents the 

softening behaviour: 

�̿�𝑢(𝑀𝑥𝑐 ,  �̿�) = |𝑀𝑥𝑐| − (𝑀𝑢 − �̿�) ≤ 0 (3.6.18) 

 

𝑀𝑥𝑐 is the bending moment on the rotation discontinuity at 𝑥 = 𝑥𝑐, and 𝑀𝑢 is the ultimate 

moment limit value that can be modified with �̿�, a stress- like variable that controls softening: 
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�̿� = −�̿�2𝜉̿;       �̿�2 < 0 (3.6.19) 

During the softening phase, a change of internal variable 𝜉̿ occurs. This variable is equal to the 

localized plastic strain, according to its evolution, the equation can be defined as: 

𝜉̿̇ = �̇̿�
𝜕Φ̿

𝜕�̿�
= �̇̿� (3.6.20) 

The associated value of parameter α is then defined as: 

𝛼 ̇ = �̇̿�
𝜕Φ̿

𝜕𝑀
= �̇̿�𝑠𝑖𝑔𝑛(𝑀) (3.6.21) 

Thus, defining the constitutive equation for the plastic hinge: 

�̇�𝑥𝑐 = �̿�𝛼 ̇  (3.6.22) 

3.7. Application of presented mathematical formulation in the numerical 

model 

All further presented computations are carried out by a research version of the computer 

program FEAP, developed by Prof. R.L. Taylor at UC Berkeley [96]. The presented model is 

intended to simulate the behaviour of laminated glass elements exposed to out-of-plane loading. 

To be able to connect the two-scale model first step is to develop a real laminated glass cross-

section in a multilayer model with basic material parameters. The multilayer model is designed 

as a source of parameters for the coarse-scale macro model. The scale transition is done through 

the chosen length of the elements in the multilayer model and the macro model and the 

determination of belonging parameters. The elements on which we first establish a connection 

between two models are defined as representative beam elements (RBE), and those have the 

same length, load and boundary conditions. Hence, the chosen RBE is a cantilever beam loaded 

with imposed rotation which is distributed uniformly along the beam creating strain in each 

layer.  

In all examples, the chosen cross-section consists of glass plies of tempered or float glass 

connected with a 0.76/1.52 mm thick layer of PVB (poly-vinyl-butyral) interlayer. These cross-

sections are chosen so that results can compared with experimental results from [12] [54] [83]. 

The used material characteristics for glass elements and the interlayers are presented in Table 

3.2. The cross-section in the fine-scale multilayer model is a composition of 𝑛𝑑  ∙  𝑛𝑙𝑎𝑦 layers 

for 𝑛𝑑 parts of the cross-section. As already presented, each of the layers behaves as a truss bar 

undergoing a uniaxial stress field, it is only necessary to define the tension and compression 

axial strength of the material. For glass material, it is common that bending tests are used to 
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determine the strength of glass specimens, and pure axial tensile strength is not a common value 

when it comes to brittle materials. The defined strength of glass is usually taken as a flexural 

strength, due to the rare appearance of pure tensile loading on these types of elements. The 

value of pure tensile strength is naturally lower than the bending strength in brittle heterogenic 

materials. This happens as a consequence of greater area which is exposed to maximum tensile 

stresses in pure tension. If the same size specimens are observed, the specimen loaded in 

uniaxial tension develops the maximum stress throughout its entire volume while the specimen 

exposed to bending experiences maximum tensile stress only in one surface/small part of 

volume. When it comes to brittle materials, which are highly sensitive to imperfections, this 

change in sampling volume means that there is a higher statistical probability of finding a larger 

imperfection. Hence, the strength and fracture properties measured in tensile tests will typically 

be lower than the corresponding properties measured in bending. Since in a fine-scale numerical 

model the element is defined through a composition of truss bars, it is necessary to introduce a 

pure tensile strength of glass. Here, 80% of the bending strength is taken to be equal to the pure 

tensile strength. The interlayer characteristics are taken from the literature, according to the 

experimental conditions, such as test temperature and load duration. 

Table 3.2. Used material properties for glass and interlayer material  

Properties Label Tempered glass Float glass 
PVB 

interlayer 1 

PVB 

interlayer 2 

Young modulus E 70 000 MPa 70 000 MPa 387 MPa 24 MPa 

Poisson coefficient ν 0.23 0.23 0.46 0.46 

Compressive 

hardening strength 
𝜎1,𝑐 = 𝑓𝑐,𝑐  999 MPa 99 MPa - - 

Hardening 

modulus, tension 
𝐾1,𝑡  70 000 MPa 70 000 MPa 1 MPa 1 MPa 

Hardening 

modulus, 

compression 

𝐾1,𝑐  70 000 MPa 70 000 MPa - - 

Tensile ultimate 

strength 
𝜎2,𝑡 = 𝑓𝑢,𝑡  95 MPa 30 MPa 10 MPa 20 MPa 

Compressive 

ultimate strength 
𝜎2,𝑐 = 𝑓𝑢,𝑐  1000 MPa 100 MPa - - 

Softening 

modulus, tension 
𝐾2̿̿ ̿,𝑡  - 700 0000 MPa - 700 0000 MPa - - 

Softening 

modulus, 

compression 

𝐾2̿̿ ̿,𝑐  - 700 0000 MPa - 700 0000 MPa - - 
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3.7.1. Layer optimization for a fine-scale multilayer numerical model 

To determine the optimal number of layers (𝑛𝑙𝑎𝑦) for each part of the cross-section (𝑛𝑑), several 

setups with differences in the number of layers are tested. The results are presented in Figure 

3.10. From the graph, it can be seen that the optimal number of layers that ensures convergent 

results starts from the number of layers 𝑛𝑙𝑎𝑦 = 10. Further, an increase in the number of layers 

doesn’t provide any more accurate results but only increases the computation time. To obtain 

optimal and precise results, a slightly higher number of layers is chosen for further analysis 

𝑛𝑙𝑎𝑦 = 20. 

 

Figure 3.10. Layer calibration test for a cantilever beam using imposed end rotation [23] 

 

3.7.2. Mesh objectivity test for the macro numerical model 

A test on mesh objectivity is conducted on the simple static system. For this test, a model of a 

cantilever beam with imposed rotation is introduced. The length of the whole beam is fixed, 

and the results are obtained for several elements 𝑛𝑒𝑙𝑒𝑚 = 1,2,4,8 and 10 and presented in 

Figure 3.11. To avoid a diffuse structural response [93], one element in the mesh is introduced 

as slightly weaker than the others so that the unfavourable effect is eliminated. The obtained 

results in Figure 3.11. show a mesh-independent convergence. The slightly weaker elements 

enter softening first, causing the elastic unloading in the other elements before entering the 

softening, which allows proper failure simulation. [23] pre
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Figure 3.11. Mesh dependence test on a cantilever beam with imposed end rotation [23] 

 

3.7.3. Determination of input parameters for coarse-scale macro models 

With defined fine-scale model elements, and by using a simple cantilever beam static system, 

loaded in free-end rotation, a moment-rotation diagram is derived. This diagram serves as input 

for defining the behaviour of elements in the macro model. Several critical points are considered 

that define the transition from linear behaviour to a short hardening regime and further to 

softening. The determination of parameters (limits and modulus for each regime) for the macro 

model is achieved by an iterative procedure of determining the first derivative of the function 

that describes the behaviour of the micro model (the moment-curvature curve), to determine 

coefficients that describe the behaviour of the macro model. [23] 

The macro parameters are identified on a representative beam element (RBE), again chosen as 

a cantilever beam loaded in pure bending with imposed end rotation. By obtaining coefficients 

for use from the multilayer model those are implemented in RBE in the macro model and 

compare the results. The RBE in the macro model is the same size, loaded in pure bending but 

with a monolithic cross-section, and enhancement in the rotational field. The multilayer model 

graph is divided into three characteristic parts (linear, hardening and softening) using 

characteristic points. The first point occurs as a significant deflection from the initial tangent 

line (linear line) on the curve. The second point is the local maximum of the curve, and the third 

is the intersection of the original (multilayer) curve and the linear local fit of the multilayer 

curve from the maximum locus up to the point where significant deflection of the curve occurs. 

After defining these points, a local linear function is fitted between the points defining the initial 

values of modulus and limit moments for the macro model. The obtained local linear functions 

are evaluated with the appropriate parts of the original curve, and the goodness-of-fit parameters 
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(SSE, RMSE, and R2) are obtained and analysed for each linear element. These processes are 

iterated (shifting from the first to the third point) until the best goodness-of-fit overall is 

obtained. The overlapped diagrams of the macro and micro models for chosen parameters in 

RBE in the macro model (for Test 1), are presented in Figure 3.12. 

 

 

 

a) b) 

Figure 3.12. Graphical representation of the steps for determination coefficients for the 

macro model: a) approximation of multilayer model results with macro parameters b) 

parameters of the macro model 

 

The obtained parameters of the macro model for four full-height cross-sections and two reduced 

heights (ETA) are presented in Table 3.3. and Table 3.4. Using these parameters, a structure in 

the macro model will be tested and compared with the experimental tests. In first column of 

Table 3.3, the parameters for macro model of full-height cross section 12.76 mm, and width 

330 mm are presented. In second and third column of Table 3.3, a parameters for macro model 

with the height equal to the effective thickness according to EN 16612 [22] and Galuppi and 

Royer-Carfagni [31] (again with the width 330 mm) are presented. All these parameters are 

determined from the multilayer model 6+0.76+6 mm with tempered glass and PVB interlayer 

1 from Table 3.2. In Table 3.4, a parameters of macro models for comparison with the 

experimental results from [54] [83] are presented. In first two columns of Table 3.4, a 

parameters for cross-section of total height 8.76 mm / 9.52 mm, and width 360 mm are 

determined, consisted of float glass and PVB interlayer 2 from Table 3.2. Third column of Table 

3.4. presents material characteristics of macro model with total-height 17.52 mm, and width 

1000 mm consisted of tempered glass and PVB interlayer 1 from Table 3.2. 
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Table 3.3. Parameters for the macro models for Test 1 (T1), Test 2 (T2) and Test 3 (T3) 

Macro model parameters 

for Test 1 (T1) 

Macro model parameters for 

Test 2 (T2)  

Macro model parameters for 

Test 3 (T3) 

6 + 0.76 + 6 𝑚𝑚 6 + 0.76 + 6 𝑚𝑚 6 + 0.76 + 6 𝑚𝑚 

ℎ = 12.76 𝑚𝑚 ℎ𝑒𝑓𝑓 = 11.656 𝑚𝑚 ℎ𝑒𝑓𝑓 = 12.714 𝑚𝑚 

𝐸𝑑 = 70𝐺𝑃𝑎 𝐸𝑑 = 76𝐺𝑃𝑎 𝐸𝑑 = 60𝐺𝑃𝑎 

𝑀𝑦 = 1100𝑁𝑚 𝑀𝑦 = 1230𝑁𝑚 𝑀𝑦 = 1200𝑁𝑚 

K1 = 2.20 ∙ 10
10 K1 = 2.20 ∙ 10

10 K1 = 1.8 ∙ 10
10 

Mu = 1327𝑁𝑚 Mu = 1327𝑁𝑚 Mu = 1330𝑁𝑚 

K̿2 = −8.5 ∙ 10
12 K̿2 = −8.5 ∙ 10

12 K̿2 = −8.50 ∙ 10
12 

 

Table 3.4. Parameters for the macro models for Test 4 (T4), Test 5 (T5) and Test 6 (T6) 

Macro model parameters 

for Test 4 (T4) 

Macro model parameters for 

Test 5 (T5) 

Macro model parameters for 

Test 6 (T6) 

4 + 0.76 + 4 𝑚𝑚 4 + 1.52 + 4 𝑚𝑚 8 + 1.52 + 8 𝑚𝑚 

ℎ = 8.76 𝑚𝑚 ℎ = 9.52 𝑚𝑚 ℎ = 17.52 𝑚𝑚 

𝐸𝑑 = 70 𝐺𝑃𝑎 𝐸𝑑 = 70 𝐺𝑃𝑎 𝐸𝑑 = 70𝐺𝑃𝑎 

𝑀𝑦 = 215𝑁𝑚 𝑀𝑦 = 250𝑁𝑚 𝑀𝑦 = 6000𝑁𝑚 

K1 = 2.2 ∙ 10
10 K1 = 2.2 ∙ 10

10 K1 = 2.2 ∙ 10
10 

Mu = 227𝑁𝑚 Mu = 255𝑁𝑚 Mu = 7500𝑁𝑚 

K̿2 = −8.5 ∙ 10
12 K̿2 = −8.5 ∙ 10

12 K̿2 = −8.80 ∙ 10
12 

 

3.8. Numerical simulation four-point bending tests using multiscale model 

After obtaining all the ingredients necessary to define the macro model, different static systems 

can be tested in the bending tests. The numerical examples are created based on the 

experimental four-point and three-point bending tests. The thickness of the cross-sections in the 

macro model is equal to the sum of all parts of the cross-section in the multilayer models or to 

effective thickness, depending on tests. As explained previously, the macro model contains 

elements with a unique cross-section that can develop discontinuity in the rotation field. The 

discontinuity is described with a plastic hinge that enables the dissipative mechanisms. 

Dissipation is a simulation of a fracture of glass plies combined with visco-plastic deformation 

of the polymeric interlayer. This visco-brittle combination of two materials results, in real 

laminated glass, in a breakage shape similar to a composition of plastic hinges, for tempered 

glass known as a “wet blanket effect”. In tests, the load is applied in lines (across the width of 
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the cross-section) as a vertical displacement, and it is increased linearly until complete failure. 

The load is placed symmetrically from the middle, or in the middle of the beam at a distance 

according to the experimental tests. The model contains the elements some of which are slightly 

weakened to properly simulate the material heterogeneity. Three different setups are used to 

simulate material fracture as a defect-sensitive phenomenon for four-point bending tests, they 

are divided based on the number of elements that first develop dissipation mechanisms. In 

Figure 3.13., the setups are presented with an emphasis on the initiation element. The first setup 

(Type 1) is created so that only one weakened element occurs on the beam, not necessarily 

exactly in the centre. In the second setup (Type 2), two initiation elements are positioned around 

the end of the constant moment span. The third type is defined with randomly placed initiation 

elements inside the load span, creating an initiation area. The third type is tested several times 

by introducing slight changes in random fields.  

 

Figure 3.13. The scheme of different setups for numerical simulations  

The results obtained for several setups (Types) are plotted as force F versus deflection (at the 

middle of the beam). On the same graph, the results from experimental tests of laminated glass 

with the same geometry are presented. The setup for Type 3 is carried out three times (R1, R2, 

and R3), with small perturbations in the positions of the initiation elements inside the defined 

(load) span. This approach enables a representation of heterogeneity in glass caused by a 

network of initial imperfections. To be able to determine real material characteristics of brittle 

material such as glass and overcome inappropriately prepared samples, it is recommended to 

use a four-point bending test (instead of three-point bending) due to the uniform distribution of 

moments in the fracture zone. Namely, it is more accurate to determine the strength of the 

laminated glass panel when the bending moment is constant and with no shear force influence, 

enabling the uniform stress state. By considering these five different setups, specimen 
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heterogeneity is emphasized and it plays an important role in obtained bearing capacity, as it 

happens in the real tests. Besides, in cases of fracture initiation outside the force span in 

experimental tests, the results are not usually taken into account. Mostly this happens due to 

specimen inadequacy or a dominant initial imperfection in the fracture region. For this reason, 

the initiation elements are only placed in the area of maximal moment (load span). Hence, this 

numerical model is capable of simulating accurately the possible results dispersion regarding 

the position of the initiation crack. [23] 

 

3.8.1. Numerical simulation of Test 1, Test 2 and Test 3 in macro model 

The first numerical examples are created based on the experimental four-point bending test 

from [12], with a 950 mm span and the width of the cross-section equal to 330 mm. The height 

of the cross-section, for Test 1, is equal to the sum of all parts of the cross-section in the 

multilayer model h=12.76 mm. In the cases of Test 2 and Test 3 the height of the cross-sections 

is equal to the effective thicknesses according to EN 16612  [22] and Galuppi and Royer-

Carfagni [31]. The values of macro model parameters, for three tests, are presented in Table 

3.3. The load is placed symmetrically from the middle of the beam at a distance of 200 mm 

between forces. The model consists of 95 elements, some of which are slightly weakened to 

properly simulate the material heterogeneity. The results of Test 1, Test 2 and Test 3 are 

presented in Figure 3.14. (3.15.), Figure 3.17., and Figure 3.18., respectability.  

 

Figure 3.14. Force-displacement diagrams from numerical simulations and experiments  
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For Test 1, the results obtained from numerical models show a very good agreement compared 

with experimental results. In Figure 3.14., despite a small difference in the final stage, both 

approach (numerical and experimental) gives good insight into the realistic behaviour of 

laminated glass panes. The ultimate load for some of the setups (Type 3 – R1, Type 3 – R3) is 

slightly higher, while the results for Type 2 match the Experiment 3 curve. Since specimens in 

these experiments were not tested until complete failure, we can allow this small difference in 

the last stage. The deviation between the average ultimate force from the experiments (F = 6711 

N) and the force from numerical models (F = 7300 N) is approximately 8 %, and the difference 

in ultimate deflection is 3.5 %. Regarding the ultimate force, a slight deviation appears in the 

final results within computed diagrams. Hence, if we compare the mean value of the 

experimental results with the models in Figure 3.15., it can be seen that the prediction of the 

model is satisfactory.  

 

Figure 3.15. Force-displacement diagrams from numerical simulations and mean value 

from the experiments 

 

The deformed structure, after the breakage occurs is presented in Figure 3.16. for the Type 3 

scheme (R1, R2, and R3). pre
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a) R1 

 

b) R2 

 

c) R3 

Figure 3.16. Representation of deformed structures after the breakage for Type 3 setups 

 

In Test 2 and Test 3, the results from the numerical model with monolithic glass height 

according to the effective thickness approach are obtained and presented in Figure 3.17. and 

Figure 3.18. In analysis, the same setups with the same geometry (except height) and loading, 
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as shown in Figure 3.13., are used, but with parameters for elements that correspond to the 

calculated effective thickness approach given in Table 3.3. Effective thickness is determined 

according to the expression for deflection prediction from EN 16612:2019 [22] that is 

previously presented in Chapter 2 in equation (2.6.4). The shear transfer parameter is chosen as 

the highest of the proposed values ω = 0.7. The obtained results are presented in Figure 3.17. It 

can be seen that for all setups the deflection is significantly overestimated. The highest 

difference is for Type 3 – R2 (37.8 mm), where the difference between the lowest ultimate 

deflections of the experiment (29.4 mm) is Δ=8.4 mm. The difference between the averaged 

ultimate deflection for experiments (30.3 mm) and the averaged ultimate deflection from the 

numerical model with a simplified approach (36.48 mm) is 16.9%. To determine the cross-

section height according to [22], the highest proposed value of shear transfer coefficient ω is 

used, which means that for any smaller value of the shear transfer coefficient (ω = 0.5; ω = 

0.3), the difference in results will be even greater. 

 

Figure 3.17. Comparison of force-displacement diagrams obtained with numerical 

simulations using effective thickness height according to [22] and the experimental results 

 

The results obtained with another simplified engineering approach according to [31] are 

presented in Figure 3.18. To determine effective thickness according to [31], an equation 

presented in Chapter 2 (2.6.9) is used, together with the material parameters presented in Table 

3.2. for PVB interlayer 1. This approach shows a slightly better prediction of deflection in the 

pre
vie

w



3. Multiscale model with embedded discontinuity for simulation of laminated glass elements 

exposed to out-of-plane loading  

G. Grozdanić   Multiscale numerical model for the analysis of laminated glass structures exposed to static load 83 

middle of the beam but is still overestimated. The difference between the average ultimate 

deflection for experiments (30.3 mm) and the average ultimate deflection for the numerical 

model (35.9 mm) is 15.6%. For both used expressions for the effective thickness approach, we 

can conclude that results are on the safety side regarding deflection prediction. The expression 

(2.6.4) from regulation EN 16612:2019 [22] provides more conservative results than the 

proposed expression (2.6.9). This comparison is created for room temperature conditions 

according to experiments. In cases of higher temperatures or different load durations, 

coefficient ω for (2.6.4) and coefficient 𝜂 for (2.6.9) need to be adequately changed. The 

combination of the effective thickness method with this multi-scale model did not show any 

advantages, the behaviour prediction is much better with using the macro model with a full-

height cross-section. In a certain way, this multiscale approach is also effective approach, but 

instead of reducing the height, it proposes the “effective” material characteristics. The 

combination of effective thickness geometry with this multiscale model offers only a cancelling 

effect of advantages from both approaches. Multi scale model provides more accurate results 

when a full height of laminated glass is considered in the macro model. The effective thickness 

in combination with the multiscale model will not be considered in future work.  

 

Figure 3.18. Comparison of force-displacement diagrams obtained for numerical 

simulations using effective thickness height according to [31] and the experimental results 
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3.8.2. Numerical simulation of Test 4 and Test 5 in macro model 

In the work of Castori and Speranzini [54] seven specimens with PVB interlayer are tested in 

four-point bending according to regulation EN 1288-3 [24]. Specimens are made of float 

annealed glass with dimensions 1100 mm x 360 mm. Two groups of thickness are used, both 

consisting of two glass ply 4 mm + 4 mm. First group (Test 4) had three specimens with height 

ℎ = 8.76 𝑚𝑚 consisting of glass and one ply of PVB interlayer. The second group (Test 5) had 

four specimens with height ℎ = 9.52 𝑚𝑚 made of glass and two plies of PVB interlayer. 

Specimens are tested in four-point bending with span 𝑙 = 1000 𝑚𝑚 and forces in the distance 

200 𝑚𝑚 placed symmetrically. 

For multiscale numerical tests, mechanical characteristics for specimens are adopted as 

described in [54] and those are presented in Table 3.2. (float glass and PVB interlayer 2). 

Furthermore, the parameters for macro models are determined in a multilayer model for both 

cross-sections and presented in Table 3.4. Five different setups are used, presented in Figure 

3.13., to emphasize the heterogeneity of glass specimens. The comparison of numerical and 

experimental results is presented in Figure 3.19. and Figure 3.20.  

 

Figure 3.19. Force-displacement diagrams from numerical simulations and experiments 

from [54] for the case of laminated glass with PVB interlayer thickness 0.76 mm (Test 4) 

 

In Figure 3.19., a Test 4 is presented. Five different setups in the numerical model did not offer 

the deflection range within the fractures that occurred in the experimental test. But, the mean 
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value of fracture initiation deflection in the numerical model is 𝑤𝑛𝑢𝑚 = 16.24 𝑚𝑚 and the 

mean value of deflection at the break point is 𝑤𝑏𝑟𝑒𝑎𝑘 = 16.373 𝑚𝑚 which shows a good 

prediction of the behaviour. The mean value of force prediction in numerical model is 𝐹𝑛𝑢𝑚 =

1178 𝑁 and the mean value of force at fracture from experimental tests 𝐹𝑏𝑟𝑒𝑎𝑘 = 927𝑁. The 

difference that occurs in force prediction is inevitable (similar as in Test 1) due to complete 

fracture that occurs in numerical tests where the whole cross section in fractured from once, 

while in the experimental tests when the fracture of bottom plie occurs, unloading occurs and 

the further second plie fractures. This predicted force from numerical model represents the 

ultimate force for breakage of whole cross section, not only bottom plie. The different physics 

that is behind this values (force and deflection) results with different stiffness, and this results 

with apparently stiffer behaviour of numerical model compared to the experiment.  

 

Figure 3.20. Force-displacement diagrams from numerical simulations and experiments 

from [54] for the case of laminated glass with PVB interlayer thickness 1.52 mm (Test 5) 

 

In Figure 3.20. a Test 5 is presented. This test has the same geometry as Test 4, only the height 

of the cross-section is different due to the double ply of the PVB interlayer. Again, five different 

setups in the numerical model are used. Experimental results show a significant dispersion, 

while the numerical results are grouped around the same value for all setups. The mean value 

of fracture initiation deflection in the numerical model is 𝑤𝑛𝑢𝑚 = 14.28 𝑚𝑚 and the mean 

value of deflection at the breakpoint is 𝑤𝑏𝑟𝑒𝑎𝑘 = 17.996 𝑚𝑚 which shows a ≈ 20% deviation 
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from the mean value of realized deflection. However, due to the great dispersion of 

experimental results, the confidence interval is defined with 𝑤𝑏𝑟𝑒𝑎𝑘 = 17.996 𝑚𝑚 ± 4.738 

where the deviation of  ≈ 26% from the mean value appears in experimental results.  This means 

that the result from the numerical model fits within the interval. The mean value of force 

prediction in the numerical model is 𝐹𝑛𝑢𝑚 = 1374 N and the mean value of force at breakage 

from experimental tests 𝐹𝑏𝑟𝑒𝑎𝑘 = 1104 N. This difference is expected due to the mentioned 

fracture behaviour, where a complete fracture occurs in numerical tests while in the experiments 

it develops gradually.  

 

3.8.3. Numerical simulation of Test 6 in macro model 

The next simulation is a three-point bending test from [83] conducted on plate-like geometry. 

The experimental tests are conducted on 8 +1.52 + 8 mm cross-section, made of tempered glass 

and PVB DG 41 interlayer. The same interlayer is used in experimental tests from Test 1, and 

the belonging material characteristics are presented in Table 3.2. (tempered glass and PVB 

interlayer 1). Dimensions of specimens are 1100 mm x 1000 mm, the span is 1100 mm and the 

load is placed in midline across the width of specimen. The material characteristics are 

determined based on the multilayer model and presented in Table 3.4, in the third column. With 

these inputs, a geometry is created in the macro model and tested. Since here a three-point test 

is simulated, only one setup is used with initiation elements placed in the vicinity of the midline 

of the specimen. This setup is considered because the fracture initiation is expected in the 

vicinity of the midline.  The comparison of results in terms of the force-displacement graph is 

presented in Figure 3.21. 

As mentioned only one numerical prediction is considered and the prediction of deflection and 

force is satisfactory. The value of fracture initiation deflection in the multiscale numerical 

model is 𝑤𝑛𝑢𝑚 = 25.155 𝑚𝑚 which is slightly lower than the deflection at the break point in 

experiment 𝑤𝑏𝑟𝑒𝑎𝑘 = 25.67 𝑚𝑚. The force prediction in the numerical model is 𝐹𝑛𝑢𝑚 =

29487 𝑁 and the value of force at breakage from experimental tests 𝐹𝑏𝑟𝑒𝑎𝑘 = 27500𝑁. The 

results from the numerical model presented by Biolzi and Simoncelli [83] are also close to the 

experimental, with force value at breakage  𝐹𝑛𝑢𝑚,𝐵𝑆 = 27890 𝑁 and the belonging deflection 

𝑤𝑛𝑢𝑚,𝐵𝑆 = 26.607 𝑚𝑚. This numerical model is created in ABAQUS, conducted as linear 

analyses where the glass and the interlayers were considered as linear materials. The model 

does not simulate fracture, and analysis is manually interrupted when the experimental failure 
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loads are reached. Hence, this force and displacement prediction cannot be observed as fracture 

prediction and the only good agreement from this model is the one in terms of global stiffness 

of the specimen.   

 
Figure 3.21. Force-displacement diagrams from numerical simulations and experiments 

from [83] 

 

3.9. Mathematical formulations for the coarse-scale macro model 2 with 

plate elements 

Since a large number of laminated glass structures have thin plate-like geometry, or boundary 

conditions that enforce plate effects, there are cases where it is more appropriate to simulate 

LG structure with a plate element than with a beam element. For this reason, a macro model is 

further extended in a model with plate elements with monolithic cross-section and constitutive 

law defined from a micro (multilayer) model in terms of a moment-curvature graph. The used 

plate theory is Kirchhoff -Love theory which can be considered as an extended version of the 

Euler-Bernoulli beam theory. The macro model element is presented in Figure 3.22., with the 

coordinate system and the corresponding displacements. This model will be referred to as 

“macro model 2” to distinguish from the previously presented macro model with beam elements 

(macro model 1). Unlike the macro model 1 with beam elements, this macro model 2 does not 

use an embedded discontinuity approach to simulate the fracture. The stiffness decrease due to 
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fracture occurrence is simulated here with using the specific form of non-linear elasticity, which 

allows stress redistribution to the other elements that have not reached the limit. The load on 

elements is monotonically increasing until redistribution through elements is possible, once all 

elements are fractured in a certain zone the redistribution is disabled which means that the 

structure collapsed. One needs to point out that under a monotonically increasing loading, it is 

very likely that local unloading will occur due to redistribution of stiffness, and the effects 

connected with unloading are considered elastic. In this phase, the model doesn’t cover post-

breakage behaviour but only pre-fracture and fracture behaviour.  

 
Figure 3.22. Schematic representation of plate element with the degrees of freedom and 

deformations in macro model 2 

 

3.9.1. Kinematic equations for macro model 2 

As previously mentioned, the mode is based on Kirchhoff -Love plate theory and it contains a 

monolithic cross-section. The field variables are two rotations (𝜃𝑥  and 𝜃𝑦) and the transverse 

displacement 𝑤(𝑥, 𝑦). If one plate element is observed with vertical deflection 𝑤(𝑥, 𝑦) in the 

middle surface, the rotations in deformed shape for two directions (𝜃𝑥  and 𝜃𝑦) can be described 

as: 

𝜃𝑥 =
𝜕𝑤

𝜕𝑥
;   𝜃𝑦 =

𝜕𝑤

𝜕𝑦
 (3.9.1) 

 

The axial displacements of the plate (𝑢 and 𝑣)  through the height of the plate are equal: 
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𝑢 = −𝑧 ∙ 𝜃𝑥 = −𝑧 ∙
𝜕𝑤

𝜕𝑥
 

𝑣 = −𝑧 ∙ 𝜃𝑦 = −𝑧 ∙
𝜕𝑤

𝜕𝑦
 

(3.9.2) 

 

These axial displacements are a consequence of a bending action, without taking into 

consideration the axial forces. Furthermore, this brings us to a strain for each direction which 

is defined as: 

휀𝑥 =
𝜕𝑢

𝜕𝑥
= −𝑧 ∙

𝜕2𝑤

𝜕𝑥2
 

휀𝑦 =
𝜕𝑣

𝜕𝑦
= −𝑧 ∙

𝜕2𝑤

𝜕𝑦2
 

(3.9.3) 

 

The shear strain is defined as: 

𝛾𝑥𝑦 =
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
= −2𝑧 ∙

𝜕2𝑤

𝜕𝑥𝜕𝑦
 (3.9.4) 

 

Since the normal to the undeformed surface remains perpendicular to the deformed surface, the 

length of the normal does not change. The stress in the direction of normal (𝑧 direction) and the 

belonging shear stresses are equal to zero. This is justified in the case of the LG cross-section 

(which is simulated here with a monolithic cross-section) due to the high stiffness of glass plies 

that are not experiencing any significant deformation perpendicular to the surface, and the 

polymeric interlayer has such geometry that for the used thickness the deformation is so small 

that it can be neglected. 

 

3.9.2. Constitutive equations for macro model 2 

The constitutive model is set directly in terms of stress resultants [97][98]. By multiplying the 

strains with material modulus we obtain in-plane stresses and further by integrating those 

stresses through the thickness of the plate we obtain resultants as a moment in x-z plain 𝑀𝑥 

(3.9.5), a moment in y-z plain 𝑀𝑦 (3.9.6) and twisting moment 𝑀𝑥𝑦 (3.9.7). pre
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𝑀𝑥 = ∫𝜎𝑥𝑧 (𝑑𝑧𝑥1)

ℎ
2

−
ℎ
2

= −
𝐸

1 − 𝜈2
∫[휀𝑥 + 𝜈휀𝑦]𝑧 𝑑𝑧

ℎ
2

−
ℎ
2

= −
𝐸

1 − 𝜈2
∫[
𝜕2𝑤

𝜕𝑥2
+ 𝜈

𝜕2𝑤

𝜕𝑦2
] 𝑧2 𝑑𝑧

ℎ
2

−
ℎ
2

= −
𝐸ℎ3

12(1 − 𝜈2)
∙ [
𝜕2𝑤

𝜕𝑥2
+ 𝜈

𝜕2𝑤

𝜕𝑦2
] 

(3.9.5) 

 

Similar to the x direction, we define moment 𝑀𝑦:   

𝑀𝑦 = ∫𝜎𝑦𝑧 (𝑑𝑧𝑥1)

ℎ
2

−
ℎ
2

= −
𝐸

1 − 𝜈2
∫[휀𝑦 + 𝜈휀𝑥]𝑧 𝑑𝑧

ℎ
2

−
ℎ
2

= −
𝐸

1 − 𝜈2
∫[
𝜕2𝑤

𝜕𝑦2
+ 𝜈

𝜕2𝑤

𝜕𝑥2
] 𝑧2 𝑑𝑧

ℎ
2

−
ℎ
2

= −
𝐸ℎ3

12(1 − 𝜈2)
∙ [
𝜕2𝑤

𝜕𝑦2
+ 𝜈

𝜕2𝑤

𝜕𝑥2
] 

(3.9.6) 

 

For twisting moment we have: 

𝑀𝑥𝑦 = ∫𝜏𝑥𝑦𝑧 (𝑑𝑧𝑥1)

ℎ
2

−
ℎ
2

= −
𝐸

1 + 𝜈
∫ 𝑧2 ∙

𝜕2𝑤

𝜕𝑥𝜕𝑦
 𝑑𝑧

ℎ
2

−
ℎ
2

= −
𝐸ℎ3

12(1 − 𝜈2)
∙ (1 − 𝜈)

𝜕2𝑤

𝜕𝑥𝜕𝑦
 

 

(3.9.7) 

 

By denoting material and geometric constants as D, we can write: 

𝑀𝑥 = −𝐷 ∙ [
𝜕2𝑤

𝜕𝑥2
+ 𝜈

𝜕2𝑤

𝜕𝑦2
] 

𝑀𝑦 = −𝐷 ∙ [
𝜕2𝑤

𝜕𝑦2
+ 𝜈

𝜕2𝑤

𝜕𝑥2
] 

𝑀𝑥𝑦 = −𝐷 ∙ (1 − 𝜈)
𝜕2𝑤

𝜕𝑥𝜕𝑦
 

(3.9.8) 

 

The defined moment-curvature relationship from the multilayer model is used in the space of 

principal directions of plate bending moments, which eliminates the problem of defining the 

constitutive law for plate twisting moment. 

The presented moment components from the global coordinate system [𝑀𝑥, 𝑀𝑦, 𝑀𝑥𝑦]  are used 

to determine the moment components in the principal directions [𝑀1, 𝑀2]  via an orthogonality 

similarity transformation: 
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𝑴 = 𝑻�̂� 

𝑴 = ⟨𝑀𝑥,𝑀𝑦, 𝑀𝑥𝑦⟩
𝑇

 

�̂� = ⟨𝑀1,𝑀2 ⟩
𝑇

 

(3.9.9) 

 

where the transformation matrix is defined as: 

𝑻 = [

𝑐𝑜𝑠2𝜙 𝑠𝑖𝑛2𝜙

𝑠𝑖𝑛2𝜙

𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙

𝑐𝑜𝑠2𝜙

−𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙

] (3.9.10) 

 

and 𝜙 is the angle of the principal axes of moments determined with: 

𝜙 = 𝑡𝑎𝑛−1
2𝑀𝑥𝑦

𝑀𝑥 −𝑀𝑦
 (3.9.11) 

 

The primary goal is an evaluation of the limit load for laminated glass planar elements and the 

determination of initial crack directions as well as the area of critical stress. The limit moments 

are controlled in the space of principal moments. For exceeding the limit moment, the belonging 

strain and the reduced (limit) moment are used to define the reduced stiffness of the observed 

element which is further transformed into the space of moments [𝑀𝑥,𝑀𝑦, 𝑀𝑥𝑦] as new value of 

material and geometric constant D. To establish a connection between the multilayer model and 

macro model 2, a representative planar element (RPE) is used. The RPE geometry is equal to 

the dimensions of one element in macro model 2. Thus, the width of RPE is equal to the width 

of one element and not the whole structure, as was the case in the macro model with beam 

elements. With the presented geometries, this element is a beam element in the multilayer model 

and a plate element in the macro model. The scheme of determination of initial parameters for 

macro model 2 is presented in Figure 3.23. 

 
Figure 3.23.  Results from the micro model and for chosen macro model 2 parameters 

The limit moment is determined as the global maximum of the multilayer curve and the 

belonging modulus is a tangent on the first part of the multilayer curve which leads to the 
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maximum. The determined parameters are used for both directions of principal moments. Once 

the limit is achieved in one direction it affects the stress (the moments) from the other 

perpendicular direction on the same element, as well as the stress distribution on the nearest 

elements. The load transfers through the elements until the complete development of the critical 

zone. As of the writing of this dissertation, macro model 2 is still in the development phase and 

only basic model inputs are presented. In the further part of the chapter, the preliminary results 

are presented. These results serve as a presentation of advantages that will occur from the macro 

model 2 compared with macro model 1. In Figure 3.24., three setups are presented with 

geometry equal to those from experiments described in Chapter 2, section 2.3. The length is 

950 mm, the width is 330 mm, and the thickness of the plate is 12.76 mm with a monolithic 

cross-section. The loading conditions of the first setup match loading from Chapter 2 and 

Section 2.3., also tested in the multilayer model in Section 3.8 in Test 1, Test 2, and Test 3. The 

displacement is introduced through the width of the cross-section at a distance of 100 mm from 

the midline on both sides of the specimen. Only this first type of loading, uniform through the 

width of the cross-section, is possible to test in the beam multiscale model (micro model + 

macro model 1). The second and the third setups have pronounced plate effects due to load 

shape which doesn’t ensure uniform uniaxial stress distribution. These setups are only possible 

to test in macro model 2. The gradual development of the critical zone for each of these setups 

is demonstrated in Figure 3.25, Figure 3.26, and Figure 3.27.   

 
a) b) c) 

Figure 3.24.  Three setups for preliminary tests in macro model 2 

In Figure 3.25., the results for the first test setup are presented. The load is introduced as 

displacement in two lines which is monotonically increasing until a critical area is created. Once 

the critical value is accomplished, by further increasing the load the critical area spreads through 

the zone between load-lines. Inside the critical area, stress (moments) is constant and with 

further increasing load it redistributes through elements. The angle of principal axes for this 
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type of loading is small due to stress distribution that follows the geometry of elements and it 

can be considered as uniaxial bending.  

 
 

Figure 3.25.  The critical area development from the macro model 2 for setup a) Fig. 3.24. 

In Figure 3.26., the development of the critical area for the second test setup is presented. Here 

it can be seen that the shape of the observed area culminates differently from the first setup. 

The plate effects are pronounced here and the development of a critical zone is achieved non-

uniformly in both directions.   

 

Figure 3.26.  The critical area development from the macro model 2 for setup b) Fig. 3.24. 

pre
vie

w



3. Multiscale model with embedded discontinuity for simulation of laminated glass elements 

exposed to out-of-plane loading  

G. Grozdanić   Multiscale numerical model for the analysis of laminated glass structures exposed to static load 94 

The graphical representation of critical zone development for the third load type from Figure 

3.24. represents again pronounced plate effects and the development of the critical zone through 

the width of the structure, see Figure 3.27. This distribution can be simulated only with a 2D 

macro model, but it is determined based on laminated glass beam behaviour (constitutive law 

derived from the multilayer model).  

 
Figure 3.27.  The critical area development from the macro model 2 for setup c) Fig. 3.24. 

 

 

3.10. Chapter conclusions 

A novel numerical model for the prediction of the behaviour of laminated glass structures is 

presented in this chapter. The numerical model consists of two connected models, creating a 

unique multiscale approach capable of simulating the fracture of LG members. In this approach, 

a fine-scale multilayer model is combined with the coarse-scale macro model to achieve 

accuracy and high computational efficiency. The fine-scale multilayer beam model simulates 

the real LG cross-section and provides the parameters for the macro model. The detailed 

simulation is achieved by dividing the geometry of the cross-section into layers which are 

defined only through their axial properties. Each layer is modelled with predefined behaviour 

in dependence on the axial stress state, and by achieving fracture for a defined limit this model 

perfectly describes the gradual development of fracture through the cross-section. The fracture 

of one layer is a degradation of the part of the cross-section and it further influences the stress 
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state of other layers. This transfer is carried out (for loaded element) until the complete failure 

of the element.  

The macro model has a monolithic cross-section and behaves according to the constitutive 

curve derived from the fine-scale multilayer model. The model represents the fracture of LG 

structures through a composition of hinges that occur in elements for defined load limits.   

For determining the constitutive law of both models a thermodynamics framework is used for 

simulation of irreversible processes of damage occurrence. Five different model setups are used 

to simulate the heterogeneity of glass elements (regarding initial imperfections).  

The model predictions are tested by comparing with experimental tests, and a very good 

agreement is accomplished. The proposed approach for heterogeneity achieved a good 

representation of imperfections in glass material. 

In addition to these comparisons, simplified engineering approaches for deflection prediction 

are also tested in the numerical model and compared with the experimental results. It is proven 

that the use of an effective thickness approach in combination with a multiscale model doesn’t 

provide any benefits, instead, it provides deteriorated results in the aspect of deflection 

prediction. The most accurate results are achieved by using the full height of the cross-section 

in the macro model (including all material nonlinear effects obtained by the microscale model). 

The heterogeneity covers the dispersion of experimental results and provides an interval of the 

expected behaviour of the structure. The comparison with four groups of experiments proves 

the accuracy of the interval and good predictability of the multiscale mode.  To overcome the 

limits of beam elements in the multiscale model, a new macro model 2 is presented. This model 

is upgraded in the aspect of overcoming limits in load shape and different boundary conditions. 

Besides, it offers a simplification in the aspect of failure prediction and simulation of the 

element softening phase which is here reduced to critical zone detection. For this model, only 

the preliminary results are presented to introduce the expected advantages in the aspect of 

different load shapes and different boundary conditions.  

Since the model is not finished at the stage of writing this dissertation, it remains one of the 

future tasks that will be discussed in Chapter 6. In addition to completing and testing the 

presented new part of the model, the next step is the simulation of the behaviour of the elements 

after failure and the prediction of their post-fracture capacity.  
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4.1. Introduction 

The stability of laminated glass structures is the topic of the third part of the glass regulations. 

It is one of the main design requirements for the load-carrying laminated glass elements 

subjected to in-plane loads. The coupling effect provided by interlayers is important for 

ensuring the integrity of the LG elements in case of damage to one or more glass plies. Similar 

to the case with out-of-plane load, the polymeric interlayer brings time and temperature-

dependent behaviour that can’t be determined by a single limit value of force or stress. The 

rules for designing in-plane loaded LG members are defined in regulations [3], and simplified 

calculations in a manner of effective thickness are proposed, but the limits of the method are 

not determined.  To properly consider the contributions of load duration and temperature on the 

behaviour of interlayers, it is necessary to define more precisely all factors that should be taken 

into account when using the method. 

In this chapter, the accuracy of the simplified approach (effective thickness approach) is tested. 

This approach is used for the prediction of critical buckling load for laminated glass elements. 

By comparing results from different experimental tests [99][100][101] with numerical results 

from two simplified numerical models, the accuracy of obtained numerical results is tested. 

Two numerical models are used, one with beam elements and the second with shell elements. 

The models are developed by Hajdo et. al. [102][103][104], and here are used for the numerical 

simulation of structural stability tests of LG structures. These models are capable of simulating 

elements with monolithic (uniform) cross-sections and those are used with assigned equivalent 

thickness determined through effective thickness approaches. With this setup, the critical 

buckling load is determined and compared with experimental test results from the literature. 

The comparisons of realized critical force prediction, for different LG cross-sections and 

different element slenderness, provide an insight into differences and the necessary level of 

structure modelling. Besides, the difference between cross-sections with different interlayers is 

visible as well as the influence of boundary conditions.   

4.2. An overview of the research area 

Laminated glass (LG) members have coupled types of cross-sections, where glass plies provide 

rigidity and the interlayers ensure joint action of plies. The polymeric interlayers ensure a 

certain capacity after the fracture of one or several glass plies, which overcomes the brittle 

nature of glass for a certain critical period. Post-fracture capacity occurs in static and impact 

load applied perpendicular to the element plane, if the structural stability is not endangered. 

This property is not equally emphasized in the case of LG members subjected to in-plane 
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compressive loads if structural stability is endangered. In case of breakage of one or several 

plies of slender, in-plane loaded LG member, the interlayer retains fragments bonded [18] and 

ensures additional capacity. Once the critical buckling load is reached for the LG member, the 

interlayer is not capable of ensuring any additional capacity. [99] However, the influence of the 

interlayer type on the critical load and the behaviour before failure is not negligible. As already 

mentioned, the viscoelastic material properties of interlayers bring time and temperature 

dependent values of critical buckling load. This critical buckling load is divided into two 

categories “rubbery” and “glassy” critical load described in [105][106] [107]. For rubbery 

critical load, the influence of the interlayer is emphasized, and this critical load is the value that 

can be used for elements exposed to long-term loading where the viscous nature of the interlayer 

is emphasized. The glassy critical buckling force is used for LG members exposed to short-term 

loading where buckling occurs in the short period and the interlayer provides very stiff 

behaviour. Two presented values are limits and most buckling occurs in between these two 

limits. For a realized bucking load that fits into these boundaries, it can be said that the creep 

buckling occurred either for a certain load duration or temperature change. The LG structural 

members loaded in-plane are mostly columns or walls with different cross-sections or supported 

by lateral restraints made also from glass or other materials. Glass lateral restraints are mostly 

in use due to the retention of transparency of vertical elements accompanied with increased 

stability. The additional glass members are usually positioned perpendicular to the cross-section 

of the LG structural member to provide stabilization without transferring the axial force. 

Besides restraints, T-shaped, X-shaped and H-shaped cross-sections created as whole cross-

sections or with lateral supports can be found in the literature [108][109][110][111]. A closed 

square hollow cross-section [108] and a bundled type of glass columns [109] are also in use. In 

[108] authors tested glued glass columns with closed square hollow cross-sections exposed to 

axial compressive force. This type of cross-section showed resistance to global buckling, and 

the fracture initiation occurred from the bottom of the column proving local instability, which 

is for this type of cross-section more pronounced. The analytical calculation for critical buckling 

force for closed square hollow cross-section provided an overestimated result. The authors 

developed two numerical models to achieve better prediction of the results. The 3D solid model 

showed better prediction of critical buckling force compared to the shell model. Similar closed 

cross-sections, only with tubular geometry, exposed to compression load are tested in [111]. 

Again, local fracture initiation occurred starting from the bottom of the column. The slenderness 

of the first described hollow section columns from [108] is around λ ≈ 20, and the second tubular 

cross-section from [111] is λ ≈ 40 which places these elements in the group of non-slender 
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elements that are not eligible to accomplish flexural buckling. The inaccurate analytical 

prediction is due to small slenderness and for this type of members, it is expected that the failure 

will occur due to local stress peaks. In [111] authors developed a numerical model of tubular 

cross-section by using shell elements. The model predicted the failure behaviour of the tubular 

columns but the prediction of critical force was not accurate when compared to the experimental 

tests. A buckling curve is proposed in these studies. In [110] authors experimentally tested glass 

columns with T-shape and X-shape cross-sections and proposed simplified expressions for 

determination of their capacity. For these types of cross-sections, the results show that the 

failure is governed by torsional buckling combined with glue failure between connected 

components. Compared to flat-shaped laminated glass, the cross-sections with T, X, square 

hollow, and tubular shape are less sensitive to flexural buckling, and their failure is in general 

caused by local buckling (for closed cross-sections) and torsional buckling effects (for open 

cross-sections). The cross-section with lateral glass restraints is studied in [112], the shape of 

the cross-section reminds of a T-shaped section but here the restraints do not transfer the axial 

force. Experimental and analytical analysis of these columns showed that these types of 

restraints increase the value of critical buckling force and change the buckling shape by 

providing multiple half-sine waves. The authors defined design recommendations for restrained 

LG columns based on their study. In [113] the authors measure initial curvatures for 312 

specimens made of different types of glass (laminated and monolithic) and different interlayers. 

These specimens were produced by four different manufacturers, which is also taken into 

consideration to compare the influence of production technique on the imperfections in 

specimens. The authors concluded that the imperfections for heat-strengthen glass (HSG) and 

tempered glass (TG) are of similar values, but higher than those on the annealed glass. 

Furthermore, it is concluded that the interlayer type does not influence the imperfections, but 

the lamination process contributes to imperfections and the influence is different depending on 

the manufacturer. Thus, the imperfections in LG members are influenced by production lines 

and machines. These measured values present the true value of initial flexural imperfection for 

different conditions and those can be used for defining buckling curves for LG columns. These 

imperfections have an even greater impact on members loaded in eccentric compression. 

In [114] authors tested the behaviour of LG members under combined in-plane and out-of-plane 

load, defined as eccentric compression. Further, an analytical interaction curve is proposed for 

imperfection factor 𝛼 = 0.70. A similar combination of compression and bending load 

influence is tested experimentally and compared with analytical results in [115]. For glass 

elements, the expressions for a buckling reduction factor and a normalized slenderness ratio 
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used to determine buckling curves are similar to those of steel elements where the expression 

for limit buckling force (𝑁𝑏,𝑅𝑑)  is equal: 

𝑁𝑏,𝑅𝑑 = 𝜒 ∙ A ∙ σ𝑅𝑑 (4.2.1) 

From equation (4.2.1) 𝜒 is a buckling reduction factor which is for the case  𝜒 ≤ 1 equal to: 

𝜒 =
1

𝜙 + √𝜙2 − �̅�2
 (4.2.2) 

where 𝜙 is equal to: 

𝜙 = 0,5 ∙ [1 + 𝛼𝑖𝑚𝑝 ∙ (�̅� − 𝛼0) + �̅�
2]. (4.2.3) 

In equations (4.2.2.) and (4.1.3) �̅� presents the normal slenderness ratio that is defined as: 

�̅� = √
A ∙ σ𝑅𝑘
𝑁𝑐𝑟

 (4.2.4) 

from where 𝑁𝑐𝑟 is a Euler critical buckling load and σ𝑅𝑘 is the characteristic strength. 

σ𝑅𝑑 =
σ𝑅𝑘
𝛾𝑀

 (4.2.5) 

The difference from calculations of steel elements occurs in the proposed imperfection factors 

𝛼𝑖𝑚𝑝, 𝛼0 and used partial safety factors 𝛾𝑀. Several levels of detailing for designing elements 

exposed to in-plane loading are described in regulations [3]. All considering the geometrical 

and material imperfections defined through the equivalent imperfection. This imperfection 

should be considered for ULS (ultimate limit state), FLS (fracture limit state), and PFLS (post-

fracture limit state). The imperfection for ULS depends on the type of buckling and it doesn’t 

include any fracture effect on increasing the value of imperfection. This value is defined by the 

length of the specimen and load introduction eccentricity. The imperfections related to FLS and 

PFLS can be considered only in case of fracture of one or several plies because the additional 

shift appears due to fragmentation of plies, as described in regulations [3]. For LG elements, 

interlayer modelling is proposed in three levels according to the table for interlayer modelling 

from the first part of the regulations [1]. As already described in the first chapter, the levels start 

from the most obscure approach which proposes neglecting the interlayer in case of positive 

effects on bearing capacity. The second level of interlayer modelling proposes the effective 

thickness approach, and the third level of interlayer modelling defines modelling by using a 

detailed numerical model. For the determination of critical buckling load, the effective moment 

of inertia is proposed in the expression which can be used for symmetric LG (two and three-

ply) cross-sections with sinusoidal lateral deflection shape.  

Numerical calculations with exact imperfections and real LG cross-sections are costly but 

provide accurate results. The combination of measured imperfection with a robust numerical 
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model is not always easy to obtain for structural elements. In everyday engineering practice, it 

is more common to use reliable simplified methods that are time-saving and ensure 

productivity. The effective thickness can be considered as a simplified method that can be used 

in combination with standard numerical models to overcome the detailed modelling of layered 

cross-sections. 

4.2.1. The effective thickness approach in buckling analysis 

The effective thickness approach (ETA) is presented in Chapter 1, and Chapter 2 of this work. 

It can be said that ETA is a simplified engineering approach that provides simplification through 

the homogenization of layered cross-sections. By using this method the LG cross-section is 

replaced with a monolithic cross-section with reduced thickness, which under the same 

boundary and load conditions can predict the behaviour of the LG member. The reduction is 

dependent on the shear coupling provided by interlayer shear stiffness, geometry, type of 

loading, etc. To use this method for the determination of buckling critical load, the primary 

focus will be on expressions for deflection prediction. There are several approaches for effective 

thickness methods, and most of them are developed for out-of-plane loading. The basic methods 

with the expressions and additional explanations are presented in Table 2.3. for the method by 

Wolfel [57] described in the research of Calderone et al. [58] where it was tested on elements 

exposed to out-of-plane loading. Another expression, based on the previous (Wolfel [57]/ 

Calderone et al. [58]) but with certain modifications is described in Table 2.4., it originates 

from the previous version of standards [22]. In literature [116] a critics can be found on this 

obscure way of defining the effective thickness (only by adopting coefficient ω) without taking 

into account aspects such as boundary condition, size effect, and load type. Galuppi and Royer-

Carfagni developed enhanced expression (Enhanced Effective Thickness) using a variational 

approach primarily for the out-of-plane loading [31], presented in Table 2.6. This approach is 

further defined for in-plane load [117] presented in Table 4.1.,expression (4.2.6). This 

expression (4.2.6) for buckling laminated glass structures is proposed in [117] based on the 

assumptions from the previous EET model for the out-of-plane load. The shape function used 

in EET is adopted as a co-sinusoidal buckling shape for in-plane load, and the values of the 

coupling factor 𝛹 are determined for the most common static schemes. The evaluation is done 

analytically and confirmed by using eigenvalue buckling analysis in commercial software. The 

authors determined critical buckling force based on the numerical model of the LG cross-

section and determined ℎ𝑒𝑓𝑓 and 𝐼𝑒𝑓𝑓 from the result. Thus, the expression for ℎ𝑒𝑓𝑓 was tested 

and validated for different boundary conditions. The authors commented that the greater the 
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constraints of the beam the lower the coupling of the interlayer, and consequently should be the 

effective thickness for the same cross-section. [117] There are other researches in the literature 

related to the determination of effective thickness or effective stiffness. López-Aenlle et al. 

[105] proposed an expression for effective stiffness as a simplified method for the calculation 

of critical buckling load using the Euler theory. The expression for the effective stiffness is 

presented in Table 4.1. in equation (4.2.7), and for simple supported structures (both sides 

hinged) it provides the same results as the expression (4.2.6) from [117]. In [118] the same 

group of authors presented the expression for the determination of critical buckling load of 

three-plie LG members, also based on the work form [119]. Another expression for effective 

moment of inertia (4.2.8) can be found in regulation [3], the expression is adopted from the 

research carried out by Langosch and Feldmann [120] and it is based on Newmark’s theory. All 

presented expressions (4.2.6 - 4.2.8) are providing the same results in the case of simple 

supported elements (both sides hinged) made of LG with two glass ply. The difference appears 

in the case of other boundary conditions and for multiple glass plies. An overview of effective 

methods can be found in [100] together with direct methods for  the determination of critical 

load. 

Table 4.1. Different equations for the effective thickness approach (ETA) from the literature 

[117][105][120] 

𝑏 – width of cross-section 
𝐸 – modulus of elasticity of glass 
𝐺 – shear modulus of interlayer 
ℎ1𝑎𝑛𝑑 ℎ2 – height of glass plies 
𝑡 –thickness of interlayer 
𝐼𝐿 – moment of inertia for layered 
case 
𝐼𝑀- moment of inertia for monolithic 
case 
Ψ- coupling factor (4.2.9) 

ℎ𝑒𝑓𝑓 = [
𝑏

12
∙ (
𝜂

𝐼𝑀
+
1 − 𝜂

𝐼𝐿
)]
−
1
3

 

𝜂 =
1

1 +
𝐸 ∙ 𝑡
𝐺
∙
ℎ1 ∙ ℎ2
ℎ1 + ℎ2

∙
𝐼𝐿
𝐼𝑀
∙ Ψ

 

𝐼𝐿 =
𝑏

12
∑ℎ𝑖

3

𝑁

𝑖=1

;  𝐼𝑀 =
𝑏

12
∑(ℎ𝑖

3 + 12𝑑𝑖
3ℎ𝑖)

𝑁

𝑖=1

 

 

(4.2.6) 

𝐸 – modulus of elasticity of glass plies 
(1 and 3) 
𝐼(𝑡, 𝑇)𝑆 – moment of inertia (time and 
temperature) 
𝐻1𝑎𝑛𝑑 𝐻3 – height of glass plies 
𝐻2–thickness of interlayer 
𝐺2(𝑡, 𝑇) - shear modulus of interlayer 
𝛽 – buckling shape coefficient 

𝐿 – length of the member 

𝐸𝐼(𝑡, 𝑇)𝑆 = 𝐸𝐼𝑇 [1 +
𝑌

1 +
𝐸1𝐻1𝐻2𝐸3𝐻3

𝐺2(𝑡, 𝑇) ∙ (𝐸1𝐻1 + 𝐸3𝐻3)
∙
𝜋2

(𝛽𝐿)2

] 

𝑌 =
ℎ𝑠
2𝐻1𝐻3

(𝐼1 + 𝐼3)(𝐻1 +𝐻3)
 

 
ℎ𝑠 = 0.5(𝐻1 + 𝐻3) + 𝐻2 

 

(4.2.7) 

𝐸 – modulus of elasticity of glass plies 
𝐼𝑖 – the moment of inertia of i-th glass 
plie 
𝐴𝐼– area of i-th glass plie 
Ψ𝑠 = ℎ𝑠  

𝐾𝑠 = 
𝐺

𝑡
𝐵 slip stiffness 

 𝐿 – length of the member 

 

𝐼𝑧,𝑒𝑓𝑓 =
∑ 𝐼𝑖

1 −
Ψ𝑠 ∙ β ∙ 𝐾𝑠

(
𝜋
𝐿
)
2

+ 𝛼2

 

𝛽 =
ℎ𝑠

𝐸(𝐼1 + 𝐼2)
  

𝛼 =
𝐾𝑠
𝐸
(

ℎ𝑠
2

(𝐼1 + 𝐼2)
+
1

𝐴1
+
1

𝐴2
) 
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Figure 4.1.  Buckling shapes for simply supported member 

 

In equation (4.2.6) from [117], the value of factor 𝛹 is defined using the equation from [31]: 

𝛹 = 
∫[𝑔′′(𝑥)]2 𝑑𝑥

∫[𝑔′(𝑥)]2 𝑑𝑥
; 0 ≤ 𝑥 ≤ 𝑙 (4.2.9) 

From [31] 𝑔(𝑥) is the proposed shape function of the displacement, that depends on the external 

load 𝑝(𝑥) and the boundary conditions. To define the coupling factor 𝛹 a simply supported 

element with both sides hinged is considered. By solving a 2nd order homogeneous differential 

equation with constant coefficients, the general solution is determined as: 

𝑔(𝑥) = 𝐴 ∙ 𝑠𝑖𝑛𝛼𝑥 + 𝐵 ∙ 𝑐𝑜𝑠𝛼𝑥 (4.2.10) 

For chosen boundary conditions with a known deflection in 𝑥 = 0 and 𝑥 = 𝑙 we obtain: 

𝑔(𝑥) = sin
𝑛𝜋

𝑙
𝑥 (4.2.11) 

In expression (4.2.11) 𝑛 denotes the number of half-waves of the sinusoid over the length of 

the element. For the lowest value of critical force from Figure 4.1., the chosen value is 𝑛 = 1  

(for 𝑛 = 0 a trivial solution occurs). 

𝑔(𝑥) = sin
𝜋

𝑙
𝑥 (4.2.12) 

Further, by introducing (4.2.12) to (4.2.9) the coupling factor for a simply supported element is 

equal as in [117]: 

𝛹 =
𝜋2

𝑙2
 (4.2.13) 

In the case of both side fixed support the shape function is equal to two half-waves of the 

sinusoid:  

𝑔(𝑥) = −𝐵(1 − cos
2𝜋

𝑙
𝑥) (4.2.14) 

from where 𝐵 is a constant, and the obtained coupling factor 𝛹 is equal: 

𝛹 =
4𝜋2

𝑙2
 (4.2.15) 

pre
vie

w



4. Stability of laminated glass elements exposed to in-plane loading  

G. Grozdanić   Multiscale numerical model for the analysis of laminated glass structures exposed to static load 104 

4.3. A brief model description  

In previous works of Hajdo et. al. [102][103][104] a linear instability problem is solved using 

the finite elements by introducing the von Karman deformation measure. This deformation 

measure can be used in cases when rotations are moderate and deformations are small. Models 

with beam and shell finite elements are defined for determining the critical buckling load. These 

elements were validated in previous works with a comparison to the analytical solutions for the 

critical buckling load. Furthermore, it is shown that the elements can be used for complex 

structures to determine critical buckling load, all for the structures with small prebuckling 

displacements. [102][103] Here, only a brief description of the model will be provided since it 

is not developed by the author. All further presented computations are carried out by a research 

version of the computer program FEAP, developed by Prof. R.L. Taylor at UC Berkeley [96]. 

A set of algebraic equations defined in (4.3.1) is the final product of the finite element 

discretization for the geometrical instability problem: 

𝐰𝑒𝑇𝐟 =∑𝐰𝑒𝑇 [𝐊𝑚
𝑒 + 𝐊𝑔

𝑒]⏟      
𝐊𝑡

𝑛

𝑒=1

𝐝 (4.3.1) 

 

With 𝑲𝑡  a tangent stiffness matrix is defined which is consisted of the material stiffness matrix 

𝑲𝑚 and the geometric stiffness matrix 𝑲𝑔 . The equation (4.3.1) describes a nonlinear problem, 

where the geometric stiffness matrix depends on the internal force that leads to the displacement 

at the critical point. By using a unique geometric stiffness form, which exhibits concerning 

applied loads, the geometric stiffness matrix can be expressed as the product of the reference 

value of the geometric stiffness matrix  𝑲𝑔̅̅ ̅̅  and the load multiplier 𝜆𝑝: 

𝐊𝑡 = 𝐊𝑚 + 𝜆𝑝𝐊𝑔̅̅ ̅̅  (4.3.2) 

For a linear elastic material, the material stiffness matrix 𝑲𝑚 remains constant, while the 

geometric stiffness changes linearly with the applied load. The reference value of geometric 

stiffness 𝑲𝑔̅̅ ̅̅  is determined regarding the reference load value 𝒇 ̅̅ ̅. Once the applied load reaches 

the critical value 𝒇𝑐𝑟 = 𝜆𝑐𝑟�̄�, the system falls into a state where the stiffness matrix becomes 

singular while its determinant is equal to zero (critical equilibrium). 

𝑑𝑒𝑡(𝑲𝑚 + 𝜆𝑐𝑟𝑲𝑔̅̅ ̅̅ ) = 0 (4.3.3) 

To obtain the critical load value, an eigenvalue problem is used. For the critical equilibrium 

state 𝑲𝑡𝝍𝑐𝑟 = 0 it implies that for critical mode 𝝍𝑐𝑟 tangent stiffness matrix 𝑲𝑡will have a 

zero eigenvalue. [104] 

pre
vie

w



4. Stability of laminated glass elements exposed to in-plane loading  

G. Grozdanić   Multiscale numerical model for the analysis of laminated glass structures exposed to static load 105 

(𝑲𝑚 + 𝜆𝑐𝑟𝑲𝑔̅̅ ̅̅ )𝝍𝑐𝑟 = 0 (4.3.4) 

In the numerical analysis, a beam and a shell finite elements are used with von Karman 

deformation measures. A more detailed description of models is provided in [102][103][104]. 

 

4.4. Numerical prediction of critical buckling load for laminated glass 

elements 

The simplified approach used in numerical prediction is a combination of numerical model 

(without considering imperfections) with the monolithic cross-section derived from the 

analytical expressions for homogenization of the LG cross-section (ETA). This approach is 

used in the prediction of critical buckling force for several different geometries. For easier 

validation, the geometries are adopted from the literature [99][100][101] where experimental 

buckling tests were conducted on laminated glass columns (specimens). As already mentioned, 

two numerical models are used one with shell elements and another with beam elements. The 

prediction from both models is compared with the accomplished forces from the experimental 

results. By using presented expressions for the effective thickness approach 

[105][117][120]([3]) a thickness of homogenized cross-section is determined and used to 

simulate the LG tests in the beam and shell model. All information about specimens (geometry, 

boundary conditions, temperature, load duration, material characteristics of interlayer) is taken 

from the experimental tests in [99][100][101].  

 

4.4.1. Test 1 – laminated glass elements (2-ply and 3-ply elements cross-section) 

In the first comparison with results from [99] four types of specimens are simulated, all 

specimens have the same length and width, the difference is in the number of plies and 

interlayers. Laminated glass specimens are made of annealed float glass (𝑓𝑢,𝑏𝑒𝑛𝑑𝑖𝑛𝑔 =

45𝑁/𝑚𝑚2) with SGP and PVB interlayer. The values of the Poisson coefficient and Young’s 

modulus of interlayers for the case of load duration t = 3 sec and t = 10 years, and for 

temperatures 20 °C and 50 °C are determined from the literature. These values are considered 

as limit values of realistic interval in normal loading conditions and those are used to determine 

glassy and rubbery buckling force. The material characteristics for exact load duration and 

temperature conditions from experiments (≈10 min and ≈20 °C) are not specified in the 

literature, and those are interpolated from familiar material characteristics. The length of the 

specimens is 2700 mm and the width of the cross-section is 300 mm. The boundary conditions 
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of specimens are presented in Figure 4.2. A total of 21 tests are conducted in [99] at a 

temperature ≈20 °C with a duration of the load ≈10 min, the photography of test setup is taken 

from the literature and presented in Figure 4.3. With all the information from the literature, the 

first step was the determination of effective thickness for each specimen considering three cases 

of load duration and temperatures (the limit values and experimental values). After the 

determination of the effective thickness, elements are further simulated in numerical models 

with homogenized cross-sections, see Figure 4.2. 

 
Figure 4.2.  Numerical models of Test 1- implementation of analytical solution into beam 

and shell numerical model 

Two effective thicknesses are determined for each geometry/interlayer type, one according to 

[117] (G. D’Ambrosio and L. Galuppi) and the other according to [3]/[120] (regulation/ 

Langosch and Feldmann). In the case of two-plies laminated glass cross-sections, the 

expressions provide equal values of thickness for the same specimen (Table 4.2.), while for 

three-plies cross-sections the results are slightly different (Table 4.3.). All specimens are hinged 

on both sides. 

 

Figure 4.3.  Photography of experimental test 1 from [99] 
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Table 4.2. Effective thickness for specimens with two-ply laminated glass cross-sections 

SGP interlayer (2700mmx300mm) [99] PVB interlayer (2700mmx300mm)  [99] 

Glass panel thickness 12+12mm; 16+16 mm Glass panel thickness 12+12mm 

Specimen name C-1SG-24/C-1SG-32 Specimen name C-1PVB-24 

Interlayer thickness 1.78mm Interlayer thickness 1.52mm 

Tested specimens 2x/1x Tested specimens 2x 

Material characteristics heff 

(12+12mm) 
heff 

(16+16mm) 
Material characteristics heff 

(12+12mm) 
heff 

(16+16mm) 

E3s, 20°C 612 MPa 
25.744 33.722 

E3s, 20°C 24.15 MPa 
24.989 32.457 

ν3s, 20°C  0.449 ν3s, 20°C  0.498 

E3s, 50°C 78.8 MPa 
25.519 33.337 

E3s, 50°C 1.44 MPa 
19.880 25.282 

ν3s, 50°C 0.493 ν3s, 50°C 0.4999 

E10min, 20°C 530 MPa 

25.739 33.713 

E10min, 

20°C 

≈3,95 MPa 

22.370 28.520 

ν10min, 20°C 0,453 ν10min, 20°C 0.498 

E10y, 20°C 256 MPa 
25.698 33.642 

E10y, 20°C 0.80 MPa 
18.478 23.636 

ν10y, 20°C 0.479 ν10y, 20°C 0.4999 

E10y, 50°C 6.00 MPa 
23.231 29.746 

E10y, 50°C 0.156 MPa 
16.037 21.044 

ν10y, 50°C 0.50 ν10y, 50°C 0.50 

 

Table 4.3. Effective thickness for specimens with three-ply laminated glass cross-sections 

([3]/[120] - first result;  [117] - second result ) 

SGP interlayer (2700mmx300mm) [99] PVB interlayer (2700mmx300mm)  [99] 

Glass panel thickness 12+16+12mm;10+12+10;8+8+8 mm Glass panel thickness 12+16+12mm 

Specimen name C-2SG-40/-32/-24 Specimen name C-2PVB-40 

Interlayer thickness 1.78mm Interlayer thickness 1.52mm 

Tested specimens 2x/2x/2x Tested specimens 1x 

Material characteristics heff 

(12+16+12) 
heff 

(10+12+10) 
heff 

(8+8+8) 
Material characteristics heff 

(12+16+12) 

E3s, 20°C 612 MPa 42.833 

42.745 

34.930 

34.876 

27.046 

27.020 

E3s, 20°C 24.15 MPa 40.142 

38.847 ν3s, 20°C  0.449 ν3s, 20°C  0.498 

E3s, 50°C 78.8 MPa 42.014 

41.384 

34.362 

33.977 

26.688 

26.494 

E3s, 50°C 1.44 MPa 28.290 

25.932 ν3s, 50°C 0.493 ν3s, 50°C 0.4999 

E10min, 20°C 530 MPa 42.814 

42.711 

34.916 

34.855 

27.038 

27.008 

E10min, 20°C ≈3,95 MPa 33.497 

30.826 ν10min, 20°C 0.453 ν10min, 20°C 0.498 

E10y, 20°C 256 MPa 42.659 

42.447 

34.809 

34.682 

26.971 

26.908 

E10y, 20°C 0.80 MPa 25.630 

23.763 ν10y, 20°C 0.479 ν10y, 20°C 0.4999 

E10y, 50°C 6.00 MPa 35.091 

32.283 

29.241 

27.245 

23.212 

22.025 

E10y, 50°C 0.156 MPa 21.238 

20.629 ν10y, 50°C 0.50 ν10y, 50°C 0.50 

 

For a three-ply LG cross-section, a critical buckling force is determined for two effective 

thicknesses. Due to a small difference, that is not noticeable in the interval graph, in further 

analysis of critical load only one value of effective thickness [120] is used.  

The comparison of results from two numerical models and experimental tests from [99] are 

presented in Table 4.4. for two-ply LG cross-sections and in Table 4.5. for three-ply LG cross-

sections (all with PVB or SGP interlayer). The glassy and rubbery critical buckling loads are 

obtained in the beam and shell model, for these values there are no experimental results but 
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they serve as limits of interval in which buckling should occur. The value of the reported 

buckling load from the experiments [99] fits inside the critical interval, higher than the rubbery 

critical buckling load and under the glassy critical buckling load. By using interpolated values 

of material characteristics for interlayer, the prediction of exact force from the experiment 

conditions is also determined. Thus, it can be seen that the values of numerical prediction fit 

within the intervals in which the experimental results are scattered.  

 

Table 4.4. The experimental results from [99] and obtained numerical results for specimens 

with two-ply cross-sections  

Time  Temp. 

Glass 

thickness 

[mm] 

Interlayer 

Effective 

thickness 

[mm] 

λ 
Shell model Beam model 

Experiments 

from [99] 

Force (kN) Force (kN) Force (kN) 

3 s 20°C  12+12 SGP 25.744  40.05 40.5 x 

3 s 20°C  12+12 PVB 24.989  37.05 37.06 x 

3 s 50°C  12+12 SGP 25.519  39.47 39.47 x 

3 s 50°C  12+12 PVB 19.880  18.65 18.66 x 

10min 20°C  12+12 SGP 25.739 363.38  40.48  40.50 48.5; 48.3 

10min 20°C  12+12 PVB 22.370 418.11  26.58  26.59 26.5; 26.5 

10 y 20°C  12+12 SGP 25.698  40.3 40.3 x 

10 y 20°C  12+12 PVB 18.478  14.98 14.99 x 

10 y 50°C  12+12 SGP 23.231  29.78 29.78 x 

10 y 50°C  12+12 PVB 16.037  9.8 9.8 x 

3 s 20°C  16+16 SGP 33.722  91.04 91.07 x 

3 s 20°C  16+16 PVB 32.457  81.2 81.2 x 

3 s 50°C  16+16 SGP 33.337  87.96 87.98 x 

3 s 50°C  16+16 PVB 25.282  38.4 38.4 x 

10min 20°C  16+16 SGP 33.713 277.43  90.97 90.99  96.7 

10min 20°C  16+16 PVB 28.520   55.07 55.09  x 

10 y 20°C  16+16 SGP 33.642  90.39 90.42 x 

10 y 20°C  16+16 PVB 23.636  31.35 31.36 x 

10 y 50°C  16+16 SGP 29.746  62.48 62.48 x 

10 y 50°C  16+16 PVB 21.044  22.12 22.14 x 

 

The authors noticed in experimental tests [99] that the increase in the number of glass plies 

provides increased buckling resistance for the SGP interlayer, also they commented that in the 

case of specimens with PVB the opposite effect occurs. But once the stability is compromised 

neither of the interlayers (PVB or SGP) is capable of providing any additional post-buckling 

capacity. 
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Table 4.5 The experimental results from [99] and obtained numerical results for specimens with 

three-ply cross-sections 

Time  Temp. 

Glass 

thickness 

[mm] 

Interlayer 

Effective 

thickness 

[mm] 

λ 
Shell model Beam model 

Experiments 

from [99] 

Force (kN) Force (kN) Force (kN) 

3 s 20°C  12+16+12 SGP 42.833  186.56 186.58 x 

3 s 20°C  12+16+12 SGP 42.745  185.41 185.44 x 

3 s 20°C  12+16+12 PVB 40.142  153.56 153.59 x 

3 s 20°C  12+16+12 PVB 38.847  139.17 139.20 x 

10min 20°C  12+16+12 SGP 42.814 218.54 186.31 186.34 176.5; 208.7 

10min 20°C  12+16+12 SGP 42.711  184.97 184.99 176.5; 208.7 

10min 20°C  12+16+12 PVB 33.497 279.43 89.23 89.26 94.4 

10min 20°C  12+16+12 PVB 30.826  69.54 69.56 94.4 

10 y 50°C  12+16+12 SGP 35.091  102.58 102.61 x 

10 y 50°C  12+16+12 SGP 32.283  79.87 79.90 x 

10 y 50°C  12+16+12 PVB 21.238  22.74 22.75 x 

10 y 50°C  12+16+12 PVB 20.629  20.84 20.85 x 

3 s 20°C  10+12+10 SGP 34.930  101.18 101.21 x 

3 s 20°C  10+12+10 SGP 34.876  100.71 100.74 x 

10min 20°C  10+12+10 SGP 34.916 268.17 101.05 101.08 99.2; 101.7 

10min 20°C  10+12+10 SGP 34.855  100.53 100.56 99.2; 101.7 

10 y 50°C  10+12+10 SGP 29.241  59.36 59.38 x 

10 y 50°C  10+12+10 SGP 27.245  48.01 48.03 x 

3 s 20°C  8+8+8 SGP 27.046  46.97 46.99 x 

3 s 20°C  8+8+8 SGP 27.020  46.83 46.85 x 

10min 20°C  8+8+8 SGP 27.038 346.44 46.92 46.94 55.5; 53.5 

10min 20°C  8+8+8 SGP 27.008  46.77 46.79 55.5; 53.5 

10 y 50°C  8+8+8 SGP 23.212  29.69 29.70 x 

10 y 50°C  8+8+8 SGP 22.025  25.36 25.38 x 

 

The results from Table 4.4. and Table 4.5., are graphically presented in Figure 4.4. It can be 

seen that the position of experimental results inside the rubbery and glassy critical load confirms 

conclusions about the SGP interlayer. Namely, the results for specimens with SGP interlayer 

are on the upper boundary or exceeding the interval of expected critical buckling load. This 

confirms that the realized stiffness of the SGP interlayer in test conditions is higher than the 

expected. The buckling force for specimens with PVB interlayer fit inside intervals, mostly 

around the middle of interval slightly closer to the glassy limit. This behaviour is expected due 

to short load duration of the experimental test (10 min) and the same temperature as used for 

determinition of glassy critical load. The middle value of critical buckling force interval for the 

two-ply LG - PVB specimens is 𝐹𝑚𝑒𝑎𝑛,2𝐺𝐿 = 23.43𝑘𝑁 and the mean value of the 

experimental force is 𝐹𝑒𝑥𝑝,10𝑚𝑖𝑛,20° = 26.50𝑘𝑁. In case of three-ply LG - PVB specimen is 

𝐹𝑚𝑒𝑎𝑛,3𝐺𝐿 = 88.15𝑘𝑁 and the obtained experimental force is 𝐹𝑒𝑥𝑝,10𝑚𝑖𝑛,20° = 94.40𝑘𝑁. 

This shows that for increase in load duration from 3sec to 10min at the same temperature of 

20°C  the buckling force for PVB specimens is closer to the interval middle value than the 

glassy limit. The difference between accomplished buckling force from experiments and the 

pre
vie

w



4. Stability of laminated glass elements exposed to in-plane loading  

G. Grozdanić   Multiscale numerical model for the analysis of laminated glass structures exposed to static load 110 

numerical prediction of glassy limit for PVB specimens is ∆𝐹𝑛𝑢𝑚−𝑒𝑥𝑝,2𝐺𝐿 = 10.55𝑘𝑁 for two-

ply LG-PVB specimens and ∆𝐹𝑛𝑢𝑚−𝑒𝑥𝑝,2𝐺𝐿 = 59.16𝑘𝑁 for three-ply LG specimens. These 

deviations are in total 45.2% and 37.7% of the entire critical interval for two and three-ply LG 

- PVB specimens, and those occur only for increasing load duration from 3 sec to 10 min.  

The size of the critical interval varies and it can be noticed that the size of the interval is 

increasing with increasing the number of glass plies and the thickness of glass plies. This trend 

occurs for specimens with SGP and PVB interlayers. It can be concluded that with increasing 

the buckling resistance of the specimens, the difference between glassy and rubbery critical 

load is higher, which means that the influence of interlayer on the critical buckling force is 

increased.  

 

 

Figure 4.4.  Graphical presentation of numerically predicted critical intervals and the 

experimental result for Test 1 

 

The graphical representation of the relationship between the numerically predicted critical 

buckling forces and the experimental results is shown in Figure 4.5. The values are presented 

in dependence on the effective slenderness of specimen λ which is determined using effective 

thickness. Regarding the results from two models (beam and shell model), it can be seen that 
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the results from the beam and shell model show deviations mostly within 1% of total force. The 

numerical results (along with the effective thickness approach) provide a slightly overestimated 

critical force when compared to experimental results. The mean value of realised errors for 7 

different geometries is ∆(𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) = 1.07. Thus, this combination of 

shell/beam numerical model with the analytical expressions for effective thickness provides a 

critical force prediction with the discrepancy of ≈ 7% of realised experimental buckling forces. 

 

 

Figure 4.5.  Graphical presentation of the ratio between the numerically predicted critical 

force and the experimental results (𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) for Test 1 

 

 

4.4.2. Test 2 – laminated glass elements with different geometry 

In the second test, laminated glass specimens with different slenderness are tested and the 

geometry and material characteristics are defined according to experimental tests from [100], 

see Table 4.6. All specimens are composed of three-ply cross-sections bonded with two 

interlayers (SGP and PVB). The thickness of the interlayers for all specimens is 𝑡 = 0.76 mm. 

The width of specimens is 150 mm and the height of specimens are 600 mm, 1000 mm, and 

1300 mm, all made of annealed float glass (𝑓𝑢,𝑏𝑒𝑛𝑑𝑖𝑛𝑔 = 45𝑁/𝑚𝑚
2). Boundary conditions are 

shown in Figure 4.6. and Figure 4.7.  Two types of interlayers are used, DuPont (Butacite® 
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PVB ) PVB interlayer, and the SG interlayer from Kuraray. For PVB interlayer the material 

properties are determined based on the work of Hooper et al. [121], and for SGP from [122]. 

The duration of the test is not defined, and the effective thickness only for two boundaries 

(rubbery and glassy) is determined. The limits are determined by varying only load duration at 

known temperature T0 = 30°𝐶. The material properties of the interlayer that match these two 

limits are determined from the master curves from [121][122], as was presented and explained 

in [100]. The used shift factor for temperature of T0 = 30 °𝐶 is log 𝛼𝑇 = −0.354 for PVB, and 

log 𝛼𝑇 = −3.67 for SGP.  

 

 
Figure 4.6  Numerical models of Test 2- implementation of analytical solution into beam 

and shell numerical model 

 

With all the information from the experiments, effective thickness is determined for two cases 

of load duration and fixed temperature for each specimen geometry. In the case of three glass 

plies a slight difference occurs in effective thickness calculated according to [120] and [117] 

respectively, the results are presented in Table 4.6. The buckling length of specimens is 

magnified for 200 mm due to the length of a steel sleeve that is used as support. By using this 

homogenized cross-section geometry and specimen geometry, critical buckling forces are 

determined in two numerical models (beam model and shell model). pre
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Figure 4.7.  Photography of experimental test 2 from [100] 

 

Table 4.6. Effective thickness for specimens with three-ply laminated glass cross-sections 

([3]/[120] - first result;  [117] - second result ) 

SGP interlayer (1000mmx150mm)[100] PVB interlayer (1000mmx150mm)[100] 

Glass panel thickness 4+4+4mm Glass panel thickness 4+4+4mm; 8+8+8mm 

Specimen name PVB-3_4-1000 Specimen name SG-3_4-1000/SG-3_8-

1000 

Interlayer thickness 0.76mm Interlayer thickness 0.76mm 

Tested specimens 3x Tested specimens 3x/3x 

Material characteristics heff 

(4+4+4) 
heff 

(8+8+8) 

Material characteristics heff 

(4+4+4) 
heff 

(8+8+8) 

Gshort, 30°C 237.137 MPa 13.291 

13.277 

25.205 

25.179 

Gshort, 30°C 177.6 MPa 13.279 

13.260 

25.161 

25.127 

Glong, 30°C 0.706 MPa 9.167 

8.596 

15.599 

15.139 

Glong, 30°C 0.112MPa 6.712 

6.472 

12.428 

12.292 

SGP interlayer (1300mmx150mm) [100] PVB interlayer (1300mmx150mm) [100] 

Glass panel thickness 4+4+4mm; 8+8+8mm Glass panel thickness 4+4+4mm; 8+8+8mm 

Specimen name PVB-3_4-1300/-3_8-

1300 

Specimen name SG-3_4-1300/SG-3_8-

1300 

Interlayer thickness 0.76mm Interlayer thickness 0.76mm 

Tested specimens 3x/3x Tested specimens 3x/3x 

Material characteristics heff 

(4+4+4) 
heff 

(8+8+8) 

Material characteristics heff 

(4+4+4) 
heff 

(8+8+8) 

Gshort, 30°C 237.137 MPa 13.306 

13.297 

25.260 

25.244 

Gshort, 30°C 177.6 MPa 13.300 

13.287 

25.233 

25.212 

Glong, 30°C 0.706 MPa 9.935 

9.342 

16.866 

16.337 

Glong, 30°C 0.1122 MPa 7.194 

6.858 

12.952 

12.747 

 

In Table 4.7. all the specimen information and the forces from experiments and numerical 

models are presented. As can be seen, the small difference in the effective thickness that appears 

in the two methods does not impact the limits of the buckling force intervals, and in further 

analysis, only the effective thickness according to [3]/[120] (regulation/Langosch and 

Feldmann) is considered.  
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Table 4.7. The experimental results from [100] and obtained numerical results for specimens 

with three-ply cross-sections 

Time Temp. 

Glass 

thickness 

[mm] 

Specimen 

info. 

[mm] 

Buckling 

length 

[mm] 

Effe. 

thickness 

[mm] 

Shell 

model 

Beam 

model 

Experiments 

from [100] 

Force 

(kN) 

Force 

(kN) Force (kN) 

3 s 30°C  4+4+4 
1000x150 

SGP 
1200 

13.291 14.11 14.11 

12.28; 11.32; 

12.38; 

13.277 14.05 14.05 

10 y 30°C  4+4+4 
1000x150 

SGP 
1200 

9.167 4.63 4.63 

8.596 3.82 3.82 

3 s 30°C  4+4+4 
1000x150 

PVB 
1200 

13.279 14.07  14.07 

5.41; 5.57; 

5.76 

13.26  14.01 14.01 

10 y 30°C  4+4+4 
1000x150 

PVB 
1200 

6.712  1.82 1.82 

6.472  1.63 1.63 

3 s 30°C  8+8+8 
1000x150 

SGP 
1200 

25.205  96.23 96.20 

x 
25.179  95.93 95.90 

10 y 30°C  8+8+8 
1000x150 

SGP 
1200 

15.599  22.81 22.82 

15.139  20.85 20.86 

3 s 30°C  8+8+8 
1000x150 

PVB 
1200 

25.161  95.72 95.70 

28.01; 26.61; 

24.94 

25.127  95.34 95.31 

10 y 30°C  8+8+8 
1000x150 

PVB 
1200 

12.428  11.54 11.54 

12.292  11.16 11.16 

3 s 30°C  4+4+4 
1300x150 

SGP 
1500 

13.306 9.06 9.06 

8.97; 8.84; 

8.94 

13.297 9.04 9.04 

10 y 30°C  4+4+4 
1300x150 

SGP 
1500 

9.935 3.77 3.77 

9.342 3.13 3.13 

3 s 30°C  4+4+4 
1300x150 

PVB 
1500 

13.3 9.05 9.05 

3.82; 3.88; 

3.75 

13.287 9.02 9.02 

10y 30°C  4+4+4 
1300x150 

PVB 
1500 

7.194 1.43 1.43 

6.858 1.24 1.24 

3 s 30°C  8+8+8 
1300x150 

SGP 
1500 

25.26 61.97 61.99 

52.7; 54.35; 

57.23 

25.244 61.86 61.87 

10 y 30°C  8+8+8 
1300x150 

SGP 
1500 

16.866 18.45 18.46 

16.337 16.76 16.76 

3 s 30°C  8+8+8 
1300x150 

PVB 
1500 

25.233 61.77 61.79 

23.09; 19.49; 

18.74 

25.212 61.62 61.64 

10 y 30°C  8+8+8 
1300x150 

PVB 
1500 

12.952 8.35 8.36 

12.747 7.96 7.96 

 

The position of the experimental results inside the interval defined with glassy and rubbery 

critical load can be seen from the graph in Figure 4.8. For easier comparison, only shell model 

results are presented because the difference is imperceptible. All values of critical buckling 

forces from the experiment fit inside the limits of rubbery critical load and glassy critical load, 

but due to the wide range of the interval and without a detailed informations of experimental 
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conditions the accuracy of results cannot be analysed. However, the behaviour pattern regarding 

type of interlayer is similar, the critical buckling force for LG- SGP specimens are closer to the 

upper limit (i.e. maximal critical buckling force), and the buckling force values for LG - PVB 

specimens are closer to the mean value of buckling force from interval, this time leaning 

towards the lower, rubbery limit. For specimens with thinner glass plies (4+4+4) the predicted 

buckling force is lower and the size of the critical interval is smaller than for 8+8+8mm, which 

confirms that the interlayer contribution on the behaviour of the specimen is lower. This results 

appears for both type of specimens with SGP and PVB interlayers. When increasing the 

thickness of each glass ply (from 4 mm to 8 mm), the size of the critical interval is increased 

7.7 times for SGP L1 and 8.6 times for SGP L2 specimens, and 6.9 times for PVB L1 and 7.1 

times fro PVB L2 specimens. This enlargement is directly related to the increase of the mean 

value of the critical buckling interval, the ratio is not linear but it is correlated. 

The presented intervals inside which the creep buckling can occur are quite large, and if the 

design value of the in-plane load of a structure is designed to be below the lower limit, the 

structures could be oversized. To reduce the size of the interval it would be useful to divide the 

values of long-duration loads from the values of short-duration loads. 

 

Figure 4.8.  Graphical presentation of numerically predicted critical intervals and the 

experimental result for  Test 2 
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4.4.3. Test 3 – laminated glass elements with different boundary conditions 

The third test is related to elements with different boundary conditions (and geometries). For 

comparison and validation of results, the experimental tests from Foraboschi [123] are 

simulated.  In [123], a total of 52 experimental tests are conducted on annealed laminated glass 

specimens with three different geometries and boundary conditions (Figure 4.9.).  

 

 

Figure 4.9.  Photography of experimental test 3 from [123] 

 

The height and the width of tested specimens are: 1100mm/70mm,  800mm/60mm and 

750mm/50mm. The specimens cross-section is two-ply laminated glass with PVB interlayer. 

The thickness of cross-sections is 5mm/4mm + 0,38mm/1,52mm + 5mm/4mm. Experimental 

tests were conducted in three different loading rates to emphasize the contribution of the visco-

elastic nature of the interlayer. 

Test durations and loading rates are not explicitly specified for each experimental test, but the 

authors assign a shear modulus (𝐺𝑃𝑉𝐵) for each specimen. Those shear moduli are used to 

determine the effective thickness of each specimen and to group them for easier comparison.  

The specimens are divided into three time groups: Time group 1 corresponds to 𝐺𝑃𝑉𝐵 =

0.12𝑀𝑃𝑎 ; Time group 2 - 𝐺𝑃𝑉𝐵 = 0.87𝑀𝑃𝑎 ; and Time group 3 - 𝐺𝑃𝑉𝐵 = 1.25𝑀𝑃𝑎 . With 

this data, the effective thickness is determined, and the values are presented in Table 4.8. and 

Table 4.9. The homogenized cross-section geometry and the specimen geometry (with two 

boundary conditions) are used to simulate tests in numerical models as presented in Figure 4.10. 

The effective thickness determined according to [117] (G. D'Ambrosio and L. Galuppi) and 

[3]/[120] (regulation / Langosch and Feldmann) provide the same results due to two-ply 

laminated glass cross-section for both types of boundary conditions. 
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Figure 4.10.  Numerical models of Test 3 - implementation of analytical solution into beam 

and shell numerical model 

 

Table 4.8. Effective thickness for specimens with two-ply LG cross-sections – both sides hinged 

PVB interlayer (1100mmx70mm)[123]  PVB interlayer (800mmx60mm) [123]   

Glass panel thickness 5+5mm Glass panel thickness 5+5mm 

Interlayer thickness 0.38mm/1.52mm Interlayer thickness 0.38mm/1.52mm 

Type of support Roller- hinged support Type of support Roller- hinged support 

Material characteristics heff 

(0.38mm) 
heff 

(1.52mm) 

Material characteristics heff 

(0.38mm) 
heff 

(1.52mm) 

GPVB 0.12 MPa 7.413mm / GPVB 0.12 MPa 6.987mm 6.591mm 

GPVB 0.87 MPa / 8.505mm GPVB 0.87/1.25 MPa 8.657/- -/8.184 

PVB interlayer (750mmx50mm) [123]  

Glass panel thickness 4+4mm  

Interlyer thickness 0.38mm/1.52mm 

Type of support Roller- hinged support 

Material characteristics heff 

(0.38mm) 
heff 

(1.52mm) 
  

GPVB 0.12 MPa 5.651mm 5.323mm  

GPVB 0.87/1.25 MPa 7.049/- -/6.779 

 

Table 4.9. Effective thickness for specimens with two-ply LG cross-sections – hinged + fixed 

PVB interlayer (1100mmx70mm)[123]  PVB interlayer (800mmx60mm) [123]   

Glass panel thickness 5+5mm Glass panel thickness 5+5mm 

Interlayer thickness 0.38mm/1.52mm Interlayer thickness 0.38mm/1.52mm 

Type of support Roller- fixed support Type of support Roller- fixed support 

Material characteristics heff 

(0.38mm) 
heff 

(1.52mm) 

Material characteristics heff 

(0.38mm) 
heff 

(1.52mm) 

GPVB 0.12 MPa 6,945mm / GPVB 0.12 MPa 6.673mm 6.448mm 

GPVB 0.87 MPa / 7.717mm GPVB 0.87/1.25 MPa 7.964/- -/7.464 

PVB interlayer (750mmx50mm) [123]  

Glass panel thickness 4+4mm  

Interlyer thickness 0.38mm/1.52mm 

Type of support Roller- fixed support 

Material characteristics heff 

(0.38mm) 
heff 

(1.52mm) 
  

GPVB 0.12 MPa 5.375mm 5.184mm  

GPVB 0.87/1.25 MPa 6.483/- -/6.137 
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The prediction of the critical buckling force is obtained by using the effective thickness. The 

values of critical buckling forces are determined for the beam and shell model, and the results 

are presented in Table 4.10.  

 

Table 4.10 Comparison of experimental results [123] and numerical results for beam and shell 

models 

Time  

group 

Glass 

plies 

[mm] 

Dimension 

[mm] 

Inter. 

tick. 

[mm] 

Interl. λ 
heff 

[mm] 

Shell 

model 

Beam 

model 

Experiments 

from  [123] 

Force 

(kN) 

Force 

(kN) 
Force (kN) 

Hinged boundary condition 

1 5+5 1100x70 0.38 PVB 514.03 7.413 1.36 1.36 1.32; 1.3 

2 5+5 1100x70 1.52 PVB 448.03 8.505 2.05 2.05 1.58:1.74 

1 5+5 800x60 
0.38 

PVB 396.63 6.987 1.84 1.85 1.84; 1.86;2.0 

2 5+5 
800x60 

PVB 320.12 8.657 3.51 3.51 
3.01; 3.26; 3.38; 

3.48 

1 5+5 800x60 
1.52 

PVB 420.46 6.591 1.55 1.55 1.53;1.73 

3 5+5 800x60 PVB 338.62 8.184 2.96 2.97 2.44; 2.47 

1 4+4 750x50 
0.38 

PVB 459.76 5.651 0.925 0.926 0.93; 0.91; 0.97 

2 4+4 
750x50 

PVB 368.57 7.049 1.795 1.797 
1.52; 1.68; 1.71; 

1.72 

1 4+4 750x50 
1.52 

PVB 488.08 5.323 0.773 0.774 0.77; 0.83 

3 4+4 750x50 PVB 383.25 6.779 1.597 1.598 1.15; 1.30 

 

Hinged + fixed boundary condition 

1 5+5 1100x70 0.38 PVB 384.07 6.945 2.294 2.295 1.89; 1.10 

2 5+5 1100x70 1.52 PVB 345.65 7.717 3.15 3.15 2.29; 2.56 

1 5+5 800x60 
0.38 

PVB 290.71 6.673 3.3 3.3 2.47; 2.65; 2.86 

2 5+5 
800x60 

PVB 243.58 7.964 5.61 5.61 
4.07; 4.47; 5.05; 

5.16 

1 5+5 800x60 
1.52 

PVB 300.85 6.448 2.98 2.98 2.19; 2.40 

3 5+5 800x60 PVB 259.90 7.464 4.62 4.62 3.34; 3.63 

1 4+4 750x50 
0.38 

PVB 338.35 5.375 1.63 1.63 1.30; 1.28; 1.33 

2 4+4 
750x50 

PVB 280.53 6.483 2.87 2.88 
2.24; 2.39; 2.43; 

2.34 

1 4+4 750x50 
1.52 

PVB 350.82 5.184 1.47 1.46 1.06; 1.19 

3 4+4 750x50 PVB 296.34 6.137 2.43 2.43 1.43; 1.88 

 

The results for the beam and shell model are almost equal, and compared to the experimental 

results a good coincidence can be observed. The relationship between the numerically predicted 

buckling force and the experimental value from [123] (𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) for different 

slenderness of the specimen is shown in Figure 4.10. for the hinged boundary conditions, and 

in Figure 4.11. for the hinged-fixed boundary conditions. The effective slenderness of specimen 

λ is calculated using the effective thickness. The mean value of the buckling forces obtained 
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from the experimental tests (for the same specimens and loading conditions) are used in 

comparison. Hence, the standard deviation interval (𝜎) from the experimental forces 𝜎𝐿1 =

0.04822 for buckling length 𝐿1 and 𝜎𝐿2 = 0.1616 for buckling length 𝐿2 is added in the graph 

so that the discrepancy can be observed through the obtained experimental deviation. This 

interval of standard deviation serves to acknowledge the accuracy of the buckling force 

prediction. 

 

Figure 4.11  Graphical presentation of ratio between the numerically predicted critical force 

and the experimental results (𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) for hinged element– Test 3 

 

The analysis in Figure 4.11. presents the ratio for the case of hinged specimens (buckling length 

L1), and it can be seen that half of the results cover the ratio value of 1.0 within the expected 

interval. For all specimens, the mean value of realized errors between numerically predicted 

forces and the experimental results is ∆(𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) = 1.081, this is equal to 

8.1% of error with the standard deviation 𝜎𝐿1,𝐹𝑛𝑢/𝐹𝑒𝑥𝑝 = 0.1178. The 95% confidence interval 

of the prediction is [0.85-1.32]. For the case of fixed-hinged boundary conditions (buckling 

length L2), presented in Figure 4.12., the discrepancy is higher. However, the value of the 

experimental force's standard deviation (σ) is also higher than the one for the first case 𝜎𝐿2 =

0.1616. Still, it is not enough to cover the expected ratio of 1.0. In the case of buckling length 

L2, the mean value of realized errors between numerically predicted forces and the 
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experimental results is equal to ∆(𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) = 1.316 with the standard 

deviation 𝜎𝐿2,𝐹𝑛𝑢/𝐹𝑒𝑥𝑝 = 0.18295, from this the 95% confidence interval is [0.95-1.68] which 

is not a good predictability of critical buckling force. 

 

 

Figure 4.12  Graphical presentation of ratio between the numerically predicted critical force 

and the experimental results (𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) for hinged + fixed element – Test 3 

 

When the predictability is observed through the effective slenderness of the specimen λ there is 

no correlation between results neither in Figure 4.11. or in Figure 4.12. From this test, it can be 

seen that the force prediction for the hinged boundary condition is slightly overestimated but 

the error is acceptable (1.081), while in the case of hinge-fixed boundary conditions, the 

accuracy is much lower and the confidence interval is wide and does not lead to a ratio of 1.0.  

 

4.5. Chapter conclusions 

In this chapter, the effective thickness approach is tested to define the limits of usage of the 

method in combination with numerical models that do not consider initial imperfections on LG 

elements. This approach adopts two simplifications, one from the aspect of neglecting influence 

imperfections, and another from reducing the level of interlayer modelling to Level 2 from [1] 

by using an effective thickness approach. This analysis is conducted to evaluate the potential 
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risks of using the simplified approach and to test cases where maybe it is not appropriate for 

use. 

The analysis was performed for several different geometries of LG specimens, with different 

types of interlayers and different boundary conditions. The load duration and temperature from 

experimental tests are considered together with the limit values of load duration (expected for 

structures) and atmospheric temperatures which serve for defining critical intervals. The 

observed critical interval is defined with rubbery and glassy critical loads that are determined 

in dependence on interlayer material characteristics. Two numerical models are used in the 

analysis, one with beam elements and the other one with shell elements. As mentioned, the 

models do not take into account initial imperfections. The methods for determination of the 

effective thickness are used according to the literature.  

By combining the numerical models with the effective thickness approach, the critical buckling 

load was determined for glassy and rubbery limits, as well as for experimental conditions, and 

the results were compared. The realized prediction of critical buckling force from this simplified 

approach is within the range of expected values, which was confirmed by assigning the 

confidence interval obtained from the experimental results (in cases when there are several 

experimental tests for the same specimen geometry) to the numericaly determiend value of 

critical buckling force.  

The analyses showed different value of buckling forces for glass elements with different types 

of interlayers (and the same geometry and boundary conditions) or in the case of different 

numbers of glass plies. The results for the SGP interlayer show better buckling resistance, the 

same as in experimental tests, while for the PVB interlayer, the results fit in the critical interval 

of buckling load.  

The difference between the results from the numerical models with the beam and the shell 

elements is almost negligible, this is expected due to the simplicity of boundary conditions and 

the geometrical ratio where the width is approximately 1/10 of the length for tested specimens. 

There is no noticeable difference in the accuracy of the predicted buckling force regarding the 

different slenderness of the elements, but this is valuable only for tested slenderness that fits in 

intervals of 𝜆~[220 → 500]. Regarding boundary conditions, there is slightly less accurate 

predictability for the case of boundary conditions of fixed+hinged support when compared with 

hinged+hinged support boundary conditions.  

It can be concluded that when taking into consideration the number of simplifications regarding 

the homogenization of cross-sections and neglecting the initial imperfections the obtained 

results are quite accurate and provide a reliable estimate of the structural resistance of laminated 
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glass elements to the in-plane loading. One advantage of this numerical modeling with an 

effective thickness approach is the possibility of testing different combinations regarding 

different parameters such as the number of glass and interlayer plies, type of interlayer, and 

boundary condition with minimal computational cost. This analysis is useful to evaluate the 

potential risks of using the simplified approach and for precisely defining the limits for daily 

engineering practice. 

The next step in our analysis is to include the initial imperfection and test the improvement of 

predictability by using the effective thickness approach. Also, not all simplified approaches 

offered by regulations are tested, and other combinations should be considered to test the 

accuracy and limits of usage. 
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5.1. Summary of all conducted research 

This thesis deals with three fields which are currently a topic of interest in the field of laminated 

glass structures. Each of these topics resulted in published papers [12][23][15], and some parts 

are still in the development phase and will be finished and published.   

The research part starts with Chapter 2 where the influence of atmospheric temperatures and 

load duration on laminated glass structures is tested. The main focus of this research is to 

analyse the stiffness degradation of LG members exposed to higher temperature loads in the 

range of atmospheric temperatures and different load durations. Numerical models are used to 

obtain the results, and those are previously validated with experimental results. In experiments, 

specimens are tested until fracture while in numerical analysis the fracture is not simulated due 

to a lack of methods that could reliably describe the nonlinear behaviour of the glass part of the 

elements. The chosen test is defined according to regulation EN 1288-3 [24] so that the results 

can be comparable with the other results from the literature. The analysis is further extended on 

a simplified engineering approach (ETA) where the accuracy of prediction of behaviour and 

deflection for assigned load is tested, again in the range of atmospheric temperatures. The 

simplified expressions for analytical determination of deflection are tested to observe their 

capability to predict the deflections for LG members regarding expected temperature and load 

duration in the construction lifetime. One representative panel geometry was selected, for which 

the bearing capacity was tested numerically, and effective thicknesses were calculated 

according to five different expressions. 

In Chapter 3 a model for simulation of non-linear behaviour of laminated glass members 

exposed to static load is presented. The shortcoming in the simulation of fracture on laminated 

glass members that appeared in the previous analysis (with commercial software) is solved here. 

The simulation of laminated glass fracture for the structures exposed to static load is achieved 

by using the embedded discontinuity method in two scales. For static loading, there are not 

many numerical methods that can accurately predict the nonlinear behaviour of brittle materials, 

and those capable of it usually have input requests to define an initial crack. Simulation of the 

initial crack is not in the spirit of glass material because this type of analysis mostly observes 

the crack propagation, and initial crack in glass elements means the breakage of the whole 

element (especially in the case of tempered glass). The solution to this problem is found by 

using an embedded discontinuity method that is capable of simulation crack appearance in 

solids, without the demand for initial cracks. By using the embedded discontinuity method a 

multiscale model is developed, capable of simulating the ultimate load for laminated glass 
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elements without simulation of detailed fracture pattern.  The model consists of the micro model 

that simulates a real laminated glass cross-section and a macro model that is a monolithic cross-

section with assigned material behaviour according to the micro model. This model is further 

extended for plate structures, with using discrete Kirchhoff plate theory and constitutive model 

for principal directions of inner forces / stresses. The basic micro model is used to define the 

constitutive behaviour, but this time for principal directions of macro plate elements.  

In Chapter 4, research related to in-plane loaded laminated glass elements and the combination 

of a simple numerical model with Level 2 of interlayer modelling is conducted. The simplified 

engineering approach (ETA) from regulations and literature is analysed regarding the 

predictability of buckling forces for in-plane loaded laminated glass members. The two 

numerical models are used, one with beam elements and the other with shell elements, both 

models are not developed in this work, but rather only used as a tool. The analysis was 

performed for several different geometries of LG specimens, with different types of interlayers 

and different boundary conditions. The buckling force prediction is validated by comparing the 

results with experimental results from literature for different cases of geometry, interlayers and 

boundary conditions.   

 

5.2. Overview of research results 

Since the work is conceived as three parts (Chapters 2, 3 and 4) and at the end of each chapter 

chapter conclusions are defined, here only an overview of all results will be presented, and for 

a detailed insight, the reader should refer to the related chapter. 

As fracture is an unwanted event in the lifetime of a structure it is necessary to create a safety 

offset from critical stress values in the usual regime, and to do so engineers need to be familiar 

with the behaviour of structures in stages before the fracture. By considering the material 

characteristics of interlayer and applying them to the numerical models it is proven that the 

bearing capacity of laminated glass structures is highly affected by amplitude of atmospheric 

temperatures, load type, and load duration. This affection depends on the type and the thickness 

of the interlayer. For tested structural PVB (Saflex DG41) it is proven that for the thickness 

t=0.76 mm, and fixed loading, and temperature increase of only 5 °C (from 25 °C to 30 °C) the 

decrease in moment of inertia is approximately Δ𝐼𝑒𝑓𝑓 = 2.072𝑐𝑚
4 (I𝑒𝑓𝑓,25°C =

6.919𝑐𝑚4; I𝑒𝑓𝑓,30°C = 4.847𝑐𝑚
4), which results with Δ𝑤 = 1.479 𝑚𝑚 higher deflection and 

Δ𝜎 = 2.747𝑀𝑃𝑎 higher stress in the bottom tensile ply. For the same interlayer (PVB Saflex 

DG41), temperature interval, and loading conditions, only for higher thickness t=1.52 mm, the 
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increase in deflection is equal to  Δ𝑤 = 1.562 𝑚𝑚 and the increase in stress at the bottom 

tensile ply is Δ𝜎 = 2.747𝑀𝑃𝑎. If the highest value of PVB interlayer thickness is considered 

t=2.28 mm (6 layers) for the fixed loading, and temperature increase of only 5 °C, the decrease 

in moment of inertia (stiffness for multiplied with fixed E) is approximately Δ𝐼𝑒𝑓𝑓 = 1.36𝑐𝑚
4 

(I𝑒𝑓𝑓,25°C = 5.181𝑐𝑚
4; I𝑒𝑓𝑓,30°C = 3.821𝑐𝑚

4), which results with Δ𝑤 = 1.645 𝑚𝑚 higher 

deflection and Δ𝜎 = 3.665𝑀𝑃𝑎 higher stress in the bottom tensile ply. These values might 

seem small at first, but it is important to notice that the value of total load was 1 kN, this is 

much lower than the ultimate load which is approximately 8.8 kN.  Hence, this degradation in 

element stiffness is approximately 30% of I𝑒𝑓𝑓,25°C  for the case of 𝑡 = 0.76 mm, and 27% of 

I𝑒𝑓𝑓,25°C  for the case of 𝑡 = 2.28 mm. These values are calculated for a load duration of 24 

hours, and it can be seen that for this temperature (from 25 °C to 30 °C) the effect of increasing 

the thickness of interlayer still provides a slightly positive effect for LG members with PVB 

interlayer.  

In the case of structure with Ionoplast interlayer, for the fixed loading, and temperature increase 

of 5 °C (from 25 °C to 30 °C) the decrease in moment of inertia is approximately Δ𝐼𝑒𝑓𝑓 =

0.244𝑐𝑚4  (I𝑒𝑓𝑓,25°C = 11.781𝑐𝑚
4; I𝑒𝑓𝑓,30°C = 11.537𝑐𝑚

4) for thickness t=0.89 mm, which 

results with Δ𝑤 = 0.043 𝑚𝑚 higher deflection and Δ𝜎 = 0.17𝑀𝑃𝑎 higher stress in the bottom 

tensile ply. This increase for the same interlayer, temperature interval, and loading conditions, 

only for higher thickness t=1.52 mm, is equal to Δ𝑤 = 0.066 𝑚𝑚 higher deflection and Δ𝜎 =

0.238𝑀𝑃𝑎 higher stress in the bottom tensile ply. For the highest value of SGP interlayer 

thickness t=2.28 mm, and for the fixed loading, and temperature increase of only 5 °C, the 

decrease in moment of inertia is approximately Δ𝐼𝑒𝑓𝑓 = 1.36𝑐𝑚
4 (I𝑒𝑓𝑓,25°C =

13.146𝑐𝑚4; I𝑒𝑓𝑓,30°C = 12.482𝑐𝑚
4), which results with Δ𝑤 = 0.097 𝑚𝑚 higher deflection 

and Δ𝜎 = 0.24𝑀𝑃𝑎 higher stress in the bottom tensile ply. The results for LG members with 

Ionoplast interlayer show significantly stiffer behaviour than those for LG members with PVB 

interlayer. The decrease of stiffness that occurs at LG member with Ionoplast interlayer is 

approximately 2% of I𝑒𝑓𝑓,25°C  for the case t = 0.89 mm, and 1% of I𝑒𝑓𝑓,25°C  for the case of 

t = 2.28 mm. 

With increasing the thickness of the Ionoplast interlayer, the LG structure becomes stiffer, even 

for high atmospheric temperatures. These observations, presented in detail in Chapter 2, are 

important for choosing the right type of interlayer as well as proper structural dimensions and 

boundary conditions. It is proven that in the range of 0 °C up to 50 °C, the interlayers show a 
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significant change in mechanical characteristics which brings a decrease in structural stiffness 

(with higher temperatures). When designing the laminated glass structures it is important to 

take into account the temperature changes that will occur at specific geographic and other 

conditions (heating regime, influence of radiation). In addition to temperature, the load-bearing 

capacity of interlayers also depends on load duration.  

The simplified expressions for analytical determination of deflection and stress prediction are 

tested to observe their capability to predict the deflections for LG members regarding expected 

temperature in the construction lifetime. From the results, it is concluded that the most reliable 

prediction is provided from the expressions from Table 2.5. which is defined in the draft version 

of European regulation CEN/TS 19100-2:2021 [2]. This prediction was only with a reliable (on 

safety side) increase and decrease in element stiffness (deflection) regarding temperature 

change. Expressions according to Wölfel–Bennison [57] and L. Galuppi et al. [31] give more 

accurate results, very close to the numerical ones, but slightly overestimate the stiffness of the 

panel. 

Further, the simulation of laminated glass fracture behaviour is accurately predicted with the 

proposed multiscale model. In comparison with different experimental results, it is shown that 

the model provides reliable predictions. The multiscale model is created from a fine-scale 

multilayer model that is combined with the coarse-scale macro model to achieve accuracy and 

high computational efficiency. The presented model is complex due to two scales that are used 

for detailed simulation, but the biggest advantage is found in the required amount of inputs. 

Only the pure tensile strength, pure compressive strength, and modulus of elasticity (together 

with the geometry of structure and load type) are necessary to establish a robust model with 

excellent predictability of the structural response of laminated glass structures. The difference 

between other available methods used for fracture simulation of laminated glass (such as 

XFEM, FEM-DEM, cohesive zone, DEM, etc.) is in the fact that this model simulates behaviour 

under static load without the need to introduce an initial crack. By comparing the numerical 

results with four different experimental test results, a good predictability of the numerical model 

is proven for a minimal amount of input information. The limits of the multiscale model are 

defined with the limits of the beam element. This type of element doesn’t support the possibility 

of boundary conditions in other directions as well as different load shapes that change through 

the width of the element. To overcome the limits of beam elements in the multiscale model, a 

new macro model 2 is presented. This model is an upgrade in the aspect of overcoming limits 

in load shape and different boundary conditions. Besides, it offers a simplification in the aspect 

of failure prediction and simulation of the element softening phase which is reduced to critical 
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zone detection. For this model, only the preliminary results are presented to introduce the 

expected advantages in the aspect of different load shapes and different boundary conditions.  

Furthermore, the effective thickness approach is tested for laminated glass members loaded in-

plane. The predictability of the approach that adopts two simplifications is tested. The first 

simplification is from the aspect of neglecting imperfections in the numerical model, and 

another is reducing the level of interlayer modelling to Level 2 from [1] by using an effective 

thickness approach. This analysis is conducted to evaluate the potential risks of using the 

simplified approach and to test cases where it may not be appropriate to use it. Two numerical 

models are used in the analysis, one with beam elements and the other one with shell elements 

to observe differences in results for different types of elements. From accomplished results, it 

is visible that for tested elements with high slenderness (𝜆~[220 → 500]), the results provide 

prediction with a slight tendency to overestimate the buckling force. In the cases where the 

predicted buckling force appears the most overestimated (this happens in Test 3 for fixed-

hinged boundary conditions) the mean value of error that occurred was 31.6% of accomplished 

buckling force when comparing the predicted numerical force and the mean value of 

experimental results. However, when the interval of discrepancy of experimental results is 

included, this error decreases to 15.5% of the accomplished buckling force. The mean value of 

error that occurred in other tests is 8.1% of accomplished buckling force for Test 3 with 

boundary conditions hinged-hinged, and 7% of accomplished buckling force for Test 1. The 

models with beam and shell elements provide equal results with less than 1.5% difference and 

the results stay in the same ratio for different sizes of mesh. Besides exact prediction, a critical 

interval was observed with the upper and lower values defined by interlayer material 

characteristics for limit values of temperature and load duration in the regular regime of usage. 

The limits of the observed critical interval are defined as “rubbery” and “glassy” critical load. 

The results of numerical prediction, as well as experimental results from literature for laminated 

glass specimens with PVB interlayers, fit inside critical interval, while the numerical results 

and experimental results for specimess with SGP interlayer exceeded the interval (on the safety 

side) and showed greater stiffnes than calculated. From these results it can be seen that the 

influence of interlayer on the bearing capacity of slender laminated glass specimens is 

significant, also the critical interval has a great span of critical buckling forces value. The results 

also show that the number of plies increases the buckling resistance and that for the case of 

boundary condition fixed + hinged (each on one side) the predictability of critical buckling 

force is slightly less accurate. The mean value of all ratios 𝐹𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙/𝐹𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙 for both 

side hinged boundary conditions is 1.081, while the mean value of the same ratio for case fixed 
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+ hinged is equal to 1.316. Overall, the results for the SGP interlayer show better buckling 

resistance, the same as in experimental tests, while for the PVB interlayer, the results fit in the 

critical interval of buckling load. When the accuracy of predicted forces is observed through 

the slenderness of tested specimens, no specific dependence or rule is noticed. This observation 

is valid only for the slenderness interval of observed elements that are equal 𝜆~[220 → 500].  

Regarding the number of simplifications adopted in this test, the obtained results are quite 

accurate and provide a reliable estimate of the structural resistance of laminated glass members 

exposed to the in-plane loading. The advantage of this approach is the possibility of testing 

different combinations regarding different parameters like the number of glass plies and 

interlayer plies, type of interlayer, and boundary condition, all with minimal computational cost. 

This analysis proves that for a simplified approach, the potential risks are not high and can be 

considered for daily engineering practice with safety factors included. 
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6.1. Conclusions based on the obtained results 

Based on the results of conducted research there are several proposals related to improvements 

of the current method of calculation of laminated glass structures. For the design of laminated 

glass structures, it is important to pay attention to the choice of interlayer. In cases where the 

expected useful load duration is short (less than 24h, for example a pedestrian bridge in a closed 

space or with a canopy), and no significant amount of permanent load is expected and the 

boundary conditions do not provide stress concentrations, structural interlayers based on 

polyvinyl butyral would satisfy the demands and provide enough stiffness. For this case, if a 

small amount of dynamic load occurs this type of interlayer will provide a favourable damping 

effect due to “softer” behaviour than ionoplast structural interlayers. To determine the value of 

critical stress that can appear on this type of structure it is necessary to consider the highest 

value of expected temperature temperature with the highest load duration. However, in cases 

where most of the design load is permanent load or for the structures that are exposed to climatic 

load such as snow, the better choice of interlayer type is ionoplast interlayers due to stiff 

behaviour for high load durations, even when temperatures increase up to 40 °C. Simplified 

engineering approaches offered by regulations should be used with caution, the values of 

effective thickness should also be determined by considering temperature regime and load 

durations, as well as boundary conditions and load type. For properly determining the boundary 

condition from joints in glass structures, it is necessary to be familiar with the deformability of 

sleeve bearings and additional protective rubber (in clamped joints) to establish if the 

connection is closer to the fixed boundary condition or if rotation is enabled in a certain amount. 

The most reliable results, when temperature changes are analysed (for > 24h load duration), are 

ensured by the expression from the draft version of the new European regulation CEN/TS 

19100-2:2021 [2], which are mostly on the safety side with a tendency to slightly underestimate 

the capacity of the structure. 

The lack of numerical methods for predicting the fracture of laminated glass elements under 

static load is solved by using the embedded discontinuity method within a multi-scale approach. 

This model enables accurate prediction of fracture load for layered cross-section. The micro 

model provides a specific type of constitutive law defined with the moment-curvature 

relationship which is derived from a true LG cross-section with only basic material properties, 

defined only for axial direction (tensile strength, compressive strength, and modulus of 

elasticity). The determined constitutive law is used as input information for the macro model 

which has a homogenized cross-section and material characteristics defined with the micro 
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model. The main idea of this approach is similar to the effective thickness approach. The 

difference occurs that in the effective thickness, the stiffness of the element is reduced by 

reducing the height, while in this micro-macro relationship from the multiscale model, material 

characteristics are changed and applied to the homogenized cross-section of the same height as 

the observed LG cross-section. The combination of this multiscale model with an effective 

thickness approach is tested and the results were not satisfactory which is in a certain way 

expected. Namely, by applying reduced height (determined by ETA) in the macro model the 

element appears too softened because two reductions are applied, one from ETA and another 

by deriving substitutive material behaviour.  

The effective thickness approach is proved to be a good choice in cases when the in-plane 

resistance of laminated glass elements needs to be determined. Again, it is necessary to 

reconsider the observed structure and determine the critical interval regarding expected 

temperature and load duration in regular usage.  

The basic features and scientific contribution on which this dissertation is based are: 

• presentation of the influence of external factors (temperature and load duration) on the load 

capacity of laminated glass structures and the influence of the thickness and type of interlayer 

in combination with temperature and different load durations 

• development of a new multiscale model that simulates the fracture of laminated glass 

structures within the finite element method without the need for an initial crack 

• development of a new multiscale model for the determination of material-constructive 

connections in laminated glass construction 

• parametric analysis of the simplified engineering calculation "Effective thickness approach" 

for predicting deflection in structures loaded out of the plane 

• parametric analysis of the simplified engineering calculation "Effective thickness approach" 

for predicting the loss of stability of in-plane loaded structures 

 

6.2. Future perspectives  

Each of the presented topics opens several directions for future research, our focus is on two 

directions. The first is related to the extension of the multiscale model to the plate element. This 

model is presented in Chapter 2, and the beam elements provide satisfactory results in 

comparison with experimental tests from different authors. But to overcome limits in aspects 

of load, geometry, and boundary condition the next step was to extend this model to the plate 

elements. This model uses the same micro model as the presented multiscale model, but it has 
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a macro model with plate elements. For the first step, a simplification in simulating fracture in 

the macro model is introduced where the embedded discontinuity method is replaced with 

redistribution of internal forces through the elements without entering the softening zone. This 

approach enables the determination of critical zones. The greatest challenge in establishing this 

model so far is ensuring proper connection for beam micro model element with the plate macro 

model element. In the previous multiscale model this was done through a representative beam 

element and the connection provided satisfactory results. But for the new macro model, the 

connection needs to be established on the beam–plate level, more precisely on the beam –

principal axes of the plate level. This task is something that is still in the development phase 

and once it is solved, the path will open to test various geometries with complex loads shapes 

and boundary conditions.  

The second direction of future research is related to in-plane loaded elements. This analysis is 

for now in its early phases where only the most simplified method is tested form now. The next 

step in our analysis is to include the initial imperfection and test the improvement of 

predictability by using the effective thickness approach. Besides, other simplified approaches 

offered by literature will be tested and compared with planned experimental tests. The 

experimental tests are planned for several load durations for both side fixed boundary 

conditions, at room temperatures. The influence of boundary conditions on increasing the 

impact of imperfections is something that needs to be tested in this field because in our analysis 

it was shown that introducing the imperfection is not a crucial factor for the accuracy of 

buckling forces prediction. Since in our analysis, most boundary conditions were hinged 

specimens (at least one side) there is the possibility that for both sides fixed the results would 

not be so accurate. 
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Table A.1. Dataset for plate-thickness disposition 10 + d + 6 (mm) 
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Table A.2. Dataset for plate-thickness disposition 6 + d + 10 (mm) 
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Table A.3. Dataset for plate-thickness disposition 8 + d + 8 (mm) 
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